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Abstract

Recently, it has been shown that one-dimensional quantukswan mix more quickly than clas-
sical random walks, suggesting that quantum Monte Carlorgfgns can outperform their classical
counterparts. We study two quantum walks on nh@imensional hypercube, one in discrete time and
one in continuous time. In both cases we show that the quantalin mixes in(11/4)n steps, faster
than the®(nlogn) steps required by the classical walk. In the continuougtiase, the probability
distribution isexactly uniform at this time. More importantly, these walks exposeesal subtleties in
the definition of mixing time for quantum walks. Even thougle tontinuous-time walk has an(n)
instantaneous mixing time at which it is precisely uniforrmever approaches the uniform distribution
when the stopping time is chosen randomly ag in [AAK)01]. @uoalysis treats interference between
terms of different phase more carefully than is necessaryti® walk on the cycle; previous general
bounds predict an exponential, rather than linear, miximg for the hypercube.

1 Introduction

Random walks form one of the cornerstones of theoreticaleren science. As algorithmic tools, they have
been applied to a variety of central problems, such as etitimaf the volume of a convex bodj [DFK91,
LK99], approximation of the permanent [J$89, JSV00], asdaliery of satisfying assignments for Boolean
formulae [Sch99]. Furthermore, the basic technical phesraappearing in the study of random walks (e.g.,
spectral decomposition, couplings, and Fourier analysss) support several other important areas such as
pseudorandomness and derandomization (see, [e.g.,][ASIAH)]).

The development of efficiemuantum algorithms for problems believed to be intractable forgslaal)
randomized computation, like integer factoring and disctegarithm [Sho97], has prompted the investi-
gation ofquantum walks. This is a natural generalization of the traditional notthscussed above where,
roughly, the process evolves in a unitary rather than ssiichfashion.

The notion of “mixing time,” the first time when the distrilooh induced by a random walk is sufficiently
close to the stationary distribution, plays a central roléhie theory of classical random walks. For a given
graph, then, it is natural to ask if a quantum walk can mix ngpriekly than its classical counterpart. (Since
a unitary process cannot be mixing, we define a stochasticepsofrom a quantum one by performing
a measurement at a given time or a distribution of times.)e@évecent articled JAAKV(1[ ABNO1,
NVO0Q] have answered this question in the affirmative, shgwfor example, that a quantum walk on the
n-cycle mixes in timeo (nlogn), a substantial improvement over the classical random waikiwrequires
O(n?) steps to mix. Quantum walks were also definedin [Wat01], aetito show that undirected graph
connectivity is contained in a version of quantum LOGSPATIEese articles raise the exciting possibility
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that quantum Monte Carlo algorithms could form a new familygoantum algorithms that work more
quickly than their classical counterparts.

Two distinct notions of quantum walks exist in the liter@urThe first, introduced by [AAKV01,
ABNT01, [NVO0], studies the behavior of a “directed particle” be graph; we refer to these discrete-
time quantum walks. The second, introduced py [CAGO01], defineslyimamics by treating the adjacency
matrix of the graph as a Hamiltonian; we refer to theseaatinuous-time quantum walks. The landscape
is further complicated by the existence of two distinct oosé of mixing time. The first “instantaneous”
notion [ABNT01,[NVO(] focuses on particular times at which measuremehides a desired distribution;
the second “average” notioh [JAAKVD1], another natural wagbnvert a quantum process into a stochastic
one, focuses on measurement times selected at random.

In this article, we analyze both the continuous-time andsardie-time quantum walk on the hypercube.
In both cases, the walk is shown to have an instantaneousgnixne at(1t/4)n. Recall that the classical
walk on the hypercube mixes in tin@(nlogn), so that the quantum walk is faster by a logarithmic factor.
Moreover, in the discrete-time case the walk mixes in tinss than the diameter of the graph, simgd < 1;
and, astonishingly, in the continuous-time case the piitiyadistribution att = (11/4)n is exactly uniform.
Both of these things happen due to a marvelous conspiracesifuttive interference between terms of
different phase.

These walks showi) a similarity between the two notions of quantum walks, and a disparity
between the two notions of quantum mixing times. As menticalgove, both walks have an instantaneous
mixing time at time(1t/4)n. On the other hand, we show that theradgime at which the continuous walk
approaches the uniform distribution in the sens¢ of [AAK\O0thus there are some real subtleties involved
in defining mixing times for quantum walks.

The analysis of the hypercubic quantum walk exhibits a nunolbdeatures markedly different from
those appearing in previously studied walks. In particula dimension of the relevant Hilbert space is, for
the hypercube, exponential in the length of the desired welfile in the cycle these quantities are roughly
equal. This requires that interference be handled in a melieate way than is required for the walk on
the cycle; in particular, the general bound jpf [AAKYO01] pietd an exponentially large mixing time for the
discrete-time walk.

We begin by defining quantum walks and discussing variousm®of mixing time. We then analyze
the two quantum walks on the hypercube in Sect[pns Zand 3st(bfdhe technical details for the discrete-
time walk are relegated to an appendix.) Finally, in Seclonve discuss mixing times in the sense of

[RARVOT].

1.1 Quantum walks and mixing times

Any graphG = (V, E) gives rise to a familiar Markov chain by assigning prob#pili/d to all edges leaving
each vertex of degreed. Let P}(v) be the probability of visiting a vertexat stept of the random walk on
G starting aw. If G is undirected, connected, and not bipartite, ther ligP!, exist§] and is independent of
u. A variety of well-developed techniques exist for estdbitig bounds on the rate at whi€fj achieves this
limit (e.g., [Vaz92)); if G happens to be the Cayley graph of a group (as are, for exathpleycle and the
hypercube), then techniques from Fourier analysis can pkedp(see [Diag8]). Below we will use some
aspects of this approach, especially the Diaconis-Shahash&ound on the total variation distan¢e [D|S81].
For simplicity, we restrict our discussion to quantum walksCayley graphs; more general treatments
of quantum walks appear ip [AAKV(D1, CFG01]. Before deseripthe quantum walk models we set down
some notation.

Lin fact, this limit exists under more general circumstanses e.g.[[MRY5].



Notation. For a groupG and a set of generatofssuch thal™ = ' -1, we letX (G, ") denote the undirected
Cayley graph ofs with respect td™. For a finite sef§, we letL(S) = {f : S— C} denote the collection of
C-valued functions oi%. This is a Hilbert space under the natural inner prodai) = 5.5 f(s)g(s)*. For
a Hilbert spac&/, an operatod :V — V is unitary if for all v,w eV, (V|W) = (UV|UW); if U is represented
as a matrix, this is equivalent to the condition tbidt= U ~1 where 1 denotes the Hermitian conjugate.
There are two natural quantum walks that one can define fér gtaphs, which we now describe.

The discrete-time walk. This model, introduced by TAAKV(1, ABNO1, [NV00], augments the space
L(G) with adirection space, each basis vector of which corresponds one of the gensiiator A step
of the walk then consists of the composition of two unitagnsformations; shift operator which
leaves the direction unchanged while moving the particléh@appropriate direction, andlecal
transformation which operates on the direction while leaving the positiocshanged. To be precise,
the quantum walk orX(G,I") is defined on the spade(G xTI') = L(G)® L(I'). Let{d,|ye T}
be the natural basis far(I"), and{dy| g € G} the natural basis foc(G). Then the shift operator is
S: (8g®8y) +— (8gy®8y), and the local transformation B= 1® D whereD is defined ori(I") alone
and1l is the identity onL(G). Then one “step” of the walk corresponds to the operdites DV. If
we measure the position of the particle, but not its diregtiat timet, we observe a vertex with

probability B (V) = Syer |[(U'Wo | 3y 8,)| wherewq € L(G x I') is the initial state.

The continuous-time walk. This model, introduced by [CFG01], works directly withiG), the Hilbert
space ofC-valued functions o&: L(G) = {f : G — C}. The walk evolves by treating the adjacency
matrix of the graph as a Hamiltonian and using the Schradimgjuation. Specifically, i is the
adjacency matrix oK(G,I"), the evolution of the system at tinés given byU;, whereU; A gt (here
we use the matrix exponential, abgis unitary sinceH is real and symmetric). Then if we measure
the position of the particle at tintewe observe a vertexwith probability B (v) = |(U;Wo|ev)|? where
Up is the initial state.

In both cases we start with an initial wave function concaetl at a single vertax For the continuous-
time walk, this corresponds to a wave function

1 ifu=y,
0 otherwise.

WYu(V) = (Yuldy) = {

For the discrete-time walk, we start with a uniform supeitpmws over all possible directions,

1/\/IF| ifu=y,

0 otherwise.

Wu(vy) = <'~|Ju’ev®ey> = {

In order to define a discrete quantum walk, one must seleata GperatoD on the direction space.
In principle, this introduces some arbitrariness into teéinition. However, if we wistD to respect the
permutation symmetry of the-cube, and if we wish to maximize the operator distance betMeand the
identity, we show in Appendik]A that we are forced to choosewer’s diffusion operator{[Gro96], which
we recall below. We call the resulting walk the “symmetrisalete-time quantum walk” on thecube.
(Watrous [WatQ1] also used Grover’s operator to define quawalks on undirected graphs.)

(Since for largen Grover's operator is close to the identity matrix, one mighagine that it would take
Q(nl/z) steps to even change direction, giving the quantum walk angiime of ~ n®2, slower than the
classical random walk. However, like many intuitions abgué&ntum mechanics, this is simply wrong.)

Since the evolution of the quantum walk is governed by a gnid@erator rather than a stochastic one,
unlessh, is constant for alt, there can be no “stationary distribution” lim, P;. In particular, for anye > 0,
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there are infinitely many (positive, integer) timeer which ||Ut — 1|| < & so that||U'yy, — gy|| < € andP; is
close to the initial distribution. However, there may betjgatar stopping timeswhich induce distributions
close to, say, the uniform distribution, and we call thigsantaneous mixing times:

Definition 1 We say that t is an e-instantaneous mixing timer a quantumwalk if | —U || < g, where
1
A-B|=ZF |AWVv) —
IA=B] =3 ZI (v)

denotes total variation distance and U denotes the uniform distribution.

For these walks we show:

Theorem 1 For the symmetric discrete-time quantum walk on the n-cube, t = [k(1t/4)n]| isan e-instantaneous
mixing time with € = o (n~7/8) for all odd k.

and, even more surprisingly,

Theorem 2 For the continuous-time quantum walk on the n-hypercube, t = k(11/4)n is a O-instantaneous
mixing time for all odd k.

Thus in both cases the mixing time@n), as opposed t®(nlogn) as it is in the classical case.

Aharonov et al.[AAKVO01] define another natural notion of rinigt time for quantum walks, in which
the stopping time is selected uniformly from the s€0,... , T —1}. They show that the distributions
Pr = 1575 R do converge a§ — « and study the rate at which this occurs. For a continuousorand
walk, we analogously define the distributi®(v) = (1/T) [y R(v)dt. Then we call a time at which the
resulting distributiorPr is close to uniform amverage mixing time:

Definition 2 We say that T isan e-average mixing timéor a quantum walk if ||[Pr —U || < &.

The exact relationship between instantaneous and averbagmgrtimes is unclear. In fact, while the
continuous walk on the hypercube possesses O-instantmeiaing times at all odd multiples dft/4)n,
the limiting distribution oﬂD_T is not the uniform distribution, and we will show that an- 0 exists such that
no time is ane-average mixing time. For the discrete-time walk, the lingjtdistributionis uniform and we
show that the general bound given[in JAAK\J01] predicts anangntial, rather than linear, average mixing
time for the hypercube.

2 The symmetric discrete-time walk

In this section we prove Theorefh 1. We treat theube as the Cayley graph @f with the regular basis
vectorsg = (0,...,1,...,0) with the 1 appearing in thigh place. Then the discrete-time walk takes place
in the Hilbert spacé (Z5 x [n]) where[n] = {1,... ,n}. Here the first component represents the position of
the particle in the hypercube, and the second componermsepis the “direction” currently associated with
the particle.

As in [AAKV01I] NVOQ], we will not impose a group structure ohet direction space, and will Fourier
transform only over the position space. For this reason, i@xpress an elemenji in L(Z5) @ L([n]) as a
functionW : Z5 — C", where theth coordinate of!/(X) is the projection ofp into 83 ® &;, i.e. the complex
amplitude of the particle being at positi&@mwith directioni. The Fourier transform of such an elemdhis
§: 75 — C", where

kX
W(x
R



Then the shift operator for the hypercube is
n
S: Y(X) — erqw(X@é)
i=

whereg is theith basis vector in th@-cube, andr is the projection operator for théh direction. The
reason for considering the Fourier transform above is tieshift operator is locally diagonal in this basis:

specifically it mapsP(k) — S; ¥ (k) where

(-1 0

For the local transformation, we use Grover's diffusionraper onn statesD;; = 2/n—§;;.
The advantage of Grover’s operator is that, like theube itself, it is permutation symmetric. We use
this symmetry to rearrandg¢; = S;D to put the negated rows on the bottom,

2/n—1  2/n .
2/n  2/n-1 2/n
Ur = Iy Ry
—2/n -2/n  -2/n+1

where the top and bottom blocks have k andk rows respectively; herkeis the Hamming weight o.
The eigenvalues df; then depend only ok. Specifically,U; has the eigenvalues1 and—1 with
multiplicity k— 1 andn— k — 1 respectively, plus the eigenvalugs\* where

A=1— %+%\/k(n—k) =
andux € [0, is described by

COSuy = 1—%(, sin(ok:r—z1 k(n—Kk)

Its eigenvectors with eigenvaluel span thék— 1)-dimensional subspace consisting of vectors with support
on thek “flipped” directions that sum to zero, and similarly the a@igectors with eigenvalue-1 span the
(n—k—1)-dimensional subspace of vectors on thek other directions that sum to zero. We call these the
trivial eigenvectors. The eigenvectors)oh* = e='% gre

1 Fi 1
VioV = —= (——, — ).
ok \@<\/—n—k \/R>

k k
nf

We call these theon-trivial eigenvectors for a giveE\. Over the space of positions and directions these

eigenvectors are multiplied by the Fourier coefficiéﬂll)ﬁ‘*, so as a function af and direction I< j <n
the two non-trivial eigenstates of the entire system, foivargk, are

2" { 1/vk if k=1

Wl 1) = U050 D RTR ik =0
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with eigenvalue &, and its conjugatei with eigenvalue &',

We take for our initial wave function a particle at the origia- (0,...,0) in an equal superposition of
directions. Since its position is@&function in real space it is uniform in Fourier space as \aslbver the
direction space, giving

- . 27n/2
Wo(k) =
o(k) 7

This is perpendicular to all the trivial eigenvectors, seittamplitudes are all zero. The amplitude of its
component along the non-trivial eigenvectpiis

a; = (Wolvg) = 2 (\ﬁ—'\/:> 1)

and the amplitude of; is a;. Note that\ar(\2 =2""/2, so a particle is equally likely to appear in either
non-trivial eigenstate with any given wave vector.

At this point, we note that there are an exponential numbeiggnvectors in which the initial state has
a non-zero amplitude. In Sectiph 4, we show that the generaid of Aharonov et al[[AAKVQ1] predicts
an exponential mixing time. In general, this bound perfoposrly whenever the number of important
eigenvalues is greater than the mixing time.

Instead, we will use the Diaconis-Shahshahani bound onadtia Yariation distance in terms of the
Fourier coefficients of the probability [Dia88]. R (X) is the probability of the particle being observed at
positionX at timet, andU is the uniform distribution, then the total variation dista is bounded by

1,....,1)

n-1
Rouir<y s RGf-3T (0)Rwr @
k#(0,...,0)
K#(L...,1)

Here we exclude both the constant term and the parity _téﬁmjl, ..., 1); since our walk changes position
at every step, we only visit vertices with odd or even paritpdd or even times respectively. Thushere
means the uniform distribution with probabilit}2 on the vertices of appropriate parity.

To find B (k), we first need¥, (k). As Nayak and Vishwanattj [NVPO] did for the walk on the lineg w
start by calculating th&th matrix power otJ;.. This is

a+ (-1t a
a a+ (-1 c
Ut = ' '
k b— (—1) b
—c b b— (—1)t
where
— (=1t 1t :
_ Cosuxt ( l)’ b:cosco,(H—( 1)’ and c— sinuxt
n—k k k(n—Kk)

Starting with the uniform initial state, the wave functidieat steps is

P (k) = \/1ﬁ<cosw,<t+\/ kksmco,(t cosuyt—“%sinwt) (3)

n—k k




We could, at this point, calculat®;(X) by Fourier transforming this back to real space. Howevés, th
calculation turns out to be significantly more awkward thalcalating the Fourier transform of the probabil-
ity distribution, B (k), which we need to apply the Diaconis-Shahshahani boundeS8ifk) = W, (X)W (X)*,
and since multiplications in real space are convolutiorfsourier space, we perform a convolution o8t

R.(k) = Z B (K) - P (koK)

where the inner product is defined on the direction space—= S, uvi'. We write this as a sum over
the number of bits of overlap betwe&handk, andl, the number of bits ok’ outside the bits ok (and so
overlapping withk& K'). Thusk’ has weightj +1, andk & K has weighk — j +1.

Calculating the dot produ&’t (E’) NUA (R@E’) explicitly from Equatior{ B as a function of these weights
and overlaps, we have

Ao-525 (1)("")

_ COSx — COSWj ;| COSWK— |
SINWj 4| SINGX— j41

COSWj 1t COSWy— j+it + ASiNWj it siney—jt (4)

where

The reader can check that this givi@g0) = 1 for the trivial Fourier component wheke= 0, andP,(n) =
(—1)! for the parity term wher& = n.

Using the identities cascosb = (1/2)(coga— b) 4+ coga+ b)) and simsinb = (1/2)(cosa—b) —
coga+ b)) we can re-write Equatiof] 4 as

L1500 [ (5] -2 EF () ()

wherew, = W £ x—j4i.

The terms coe.t in Y are rapidly oscillating with a frequency that increaseswitThus, unlike the
walk on the cycle, the phase is rapidly oscillating everysghas a function of eithdror j. This will make
the dominant contribution tB (k) exponentially small whetyn = 11/4, giving us a small variation distance
when we sum over aK.

To give some intuition for the remainder of the proof, we gahere to note that if Equati¢h 5 were an
integral rather than a sum, we could immediately approxéntlé rate of oscillation of to first order at
the peaks of the binomials, wheje= k/2 andl = (n—k)/2. One can check thats}/dk > 2/n and hence
dw, /dl =dw_/dj > 4/n. Since|A| < 1, we would then write

e 3 3

which, using the binomial theorem, would give

14 it/ n—k
2

14 gdit/n k
2

IB(K)| =o = coé‘% + coé‘*k% (6)

In this case the Diaconis-Shahshahani bound and the bihtm@em give

2 n n
IR—U|?< % Z (E) <co§‘% - coé"‘%) < % [<2co§%> + <1+c052%> —1]
0<k<n
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(a) Variation distance at timteas a function of /n. (b) Probability as a function of Hamming weight.

Figure 1: Graph (a) plots an exact calculation of the total variatigstashce aftet steps of the quantum walk for
hypercubes of dimension 50, 100, and 200, as a functidgrirof At t /n = 11/4 the variation distance is small even
though the walk has not had time to cross the entire grapls Adppens because the distribution is roughly uniform
across the equator of threcube where the vast majority of the points are located. B(ap shows the probability
distribution on the 200-dimensional hypercube after 57#t/4)n steps. The probability distribution has a plateau of
27199 at the equator, matching the uniform distribution up to tya$hown is the log of the probability as a function
of Hamming distance from the starting point.

If we could taket to be the non-integer valuet/4)n, these cosines would be zero.

This will, in fact, turn out to be the right answer. But sinoeuationﬂs is a sum, not an integral, we have
to be wary ofresonances where the oscillations are such that the phase changes bitiplenof 2rtbetween
adjacent terms, in which case these terms will interferstraatively rather than destructively. Thus to show
that the first-order oscillation indeed dominates, we hasigrificant amount of work left to do. The details
of managing these resonances can be found in Appérdix B. Muess can be summarized as follows:
i.) we compute the Fourier transform of the quantityn Equation[, since the sum of Equatign 5 can be
calculated for a single Fourier basis function using thefnial theoremji.) the Fourier transform of can
be asymptotically bounded by the method of stationary phike dominant stationary point corresponds
to the first-order oscillation, but there are an infinite nembf other stationary points as well; 80) we
use an entropy bound to show that the contribution of therattationary points is exponentially small.

To illustrate our result, we have calculated the probabdistribution, and the total variation distance
from the uniform distribution (up to parity), as a functiohtone for hypercubes of dimension 50, 100,
and 200. In order to do this exactly, we use the walk’s pertimrtasymmetry to collapse its dynamics
to a function only of Hamming distance. In Figre ](a) we d& the total variation distance becomes
small whent /n = 11/4, and in Figurd_1(b) we see how the probability distributi®iclose to uniform on a
“plateau” across the hypercube’s equator. Since this igevtiee vast majority of the points are located, the
total variation distance is small even though the walk has/abhad time to cross the entire graph.

3 The continuous-time walk

In this section we prove Theordin 2. Childs, Farhi and Gutnigk&0]] define quantum walks in a different
way, in which the unitary operator is generated from a Hami#inH using Schrodinger’s equation. Hf
is simply the adjacency matrix of the graph, tHén= €t = 1 +iHt + (iHt)?/2+ --- giving a walk in



continuous time. The amplitude of makiagteps is the coefficiertt)/s! of HS, which up to normalization
is Poisson-distributed with meanThey point out that this avoids the need to extend the Hilijgaice of the
particle with a direction space, and to define some localaijmar on it such as Grover’s operator, in order
to make the walk unitary. While this approach is less familiacomputer science, a quantum computer
which is allowed to evolve in continuous time according teeg@n Hamiltonian seems just as physically
reasonable as one which uses a clock to evolve in discregegintraditional computers do.

In the case of the hypercube, this walk turns out to be pdatilyueasy to analyze. The adjacency matrix,
normalized by the degree, is

1/n d®y) =1

whered is the Hamming distance. The eigenvectordHoandU; are simply the Fourier basis functions:
if vi.(%) = (—1)¥* thenHv, = (1—2k/n)v; andUyv;, = (1-2/" v where we again usk to denote the
Hamming weight ofk. If our initial wave vector has a particle at= (0,...,0), then its initial Fourier
spectrum is uniform, and at tinteve have

th(R) n/ZeIt(l—sz)
Again writing the probabilityP as the convolution o with W* in Fourier space, we have

Zth K) ¥ (koK) = Z 2t (IkaK|-K') /n

We write this as a sum over all possible overldgsetweerk’ andk, and overlaps betweerk’ andk& K.
Noting thatk’ = j+1 andk& K| = k— j+1, this gives

R(k) = 21”%20 Aitlk=2j)/ coé‘% (8)

Finally, the Diaconis-Shahshahani bound on the total trariadistance betweeR, and the uniform

distribution is
120 2 2\ "
IR—-U|?< ZZ()‘H )| :<1+CO§F> -1

Astonishingly, at = (11/4)n and its odd multiples, this gives a total variation distawtéch is exactly zero,
showing that if we sample at these times the probabilityridhistion is exactly uniform. Note that this is
possible even when< n since the continuous-time walk has some probability foingknore thar steps
(and, in fact, paths with different numbers of steps interf&ith each other). Thus the continuous-time
walk has the same mixing time as the discrete-time one, hihtsuich a beautiful conspiracy of interference
that every position has an identical probability. This dades the proof of Theorefi} 2. For an alternative
derivation based on hypercube’s structure as a produchgsae Appendik]C.

4 Average mixing times

In this section we discuss the mixing time as defined in [AAK/Gvhere we choose to stop the quantum
walk at a timet uniformly distributed in the intervdl0, T]. As mentioned in the Introduction, this gives a
probability distributionPr = (1/T) 5[ 5'R. Since the Fourier transform is a linear operation, we cak lo
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at the Fourier transform d? instead. In the case of the symmetric discrete-time walkiaign[$ shows
that fork > 0, the Fourier coefficient d®r consists of a sum of oscillating terms proportional to®es. As

T — oo, these oscillations cancel, so we are left with just the @origermk = 0 andPy indeed approaches
the uniform distribution.

One could calculate an average mixing time for the symmadisicrete-time walk using the methods of
AppendixB. We do not do that here. However, we will now shoat the general bound df [AAKV(1] pre-
dicts an average mixing time for timecube which is exponential im The authors of that paper showed that
the variation distance betwe&h and the uniform distribution (or more generally, the limgidistribution
limr_« Pr) is bounded by a sum over distinct pairs of eigenvalues,

|52

— 2
U w ©

i,j St A#Aj

wherea; = (Wo|Vi) is the component of the initial state along the eigenvegtoSince this bound includes
eigenvalues\j for whicha; = 0, we note that it also holds when we replda¢? with |aiaj|, using the same
reasoning as ifJAAKVQ1].

For the quantum walk on the cycle of lengththis bound gives an average mixing timeafnlogn).
For then-cube, however, there are exponentially many pairs of gggtors with distinct eigenvalues, all of
which have a non-zero component in the initial state. Spediyi for each Hamming weiglitthere are(E)
non-trivial eigenvectors each with eigenvall&eand e'“. These complex conjugates are distinct from
each other for G< k < n, and eigenvalues with distinktare also distinct. The number of distinct pairs is

then
n— 2 n
() +e 2, () ()=

Taking |ax| = 2-"/2//2 from Equatior[[L and the fact thit; — Aj| < 2 since the\; are on the unit circle,
we see that Equatidr 9 gives an upper bound orzdneerage mixing time of siz(2"/g). In general, this
bound will give a mixing time of(M/€) whenever the initial state is distributed roughly equalsgov
eigenvectors, and when these are roughly equally distribaverw(1) distinct eigenvalues.

For the continuous-time walk, on the other hand, Equdiiohdvs thatPr approaches the average of
cog2t/n. In fact, it is equal to this average whenevleis a multiple of(1/2)n. Fork odd this average is
zero, but forkk even it is

1 m 21
0 r(z—2)"«
Since these Fourier coefficients do not vani§h,do_es not approach the uniform distribution even in the
limit T — co. In particular, the Fourier coefficient & for k=2 is
1 sin4T/n

~ 1 T §2t
PT(Z):?A dt co FZE—FT/I’]

(10)
This integral is minimized whefi = 1.12335, at which pointPr (2) =0.39138¢. SincePr (2) is bounded
below by this, it is easy to show that the total variationatise||Pr —U || is bounded away from zero as a
result. Thus there exists> 0 such that n@-average mixing time exists.
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A Grover's diffusion operator

In general, the selection of the local operdioon the direction space appears to introduce a certain amount
of artificiality into the definition of a discrete-time quant walk. If we ask, however, that the operator obey
the permutation symmetry of the hypercube, then there isgpanameter family of such unitary operators
up to multiplication by an overall phase.

To see this, suppod@ is unitary and permutation-symmetric. Then it can have tmtydistinct entries,
namely those on the diagonal and off it. & =aif i = j andbif i # j. Then unitarity requires that
|aj2+ (n—1)|b|?> = 1 and 2Reb*) + (n— 2)|b|2 = 0. The first of these two equations describes a circle, and
their difference gives anothega — b|> = 1. The intersection of these circles gives at most two valoeb
which differ only by a phase (and by conjugatioraiis real). Solutions exist when-12/n < |a| < 1.

To show that Grover’s operator is the member of this famifthist from the family of diagonal unitary
matrices{cl: |c| = 1}, recall that theoperator norm of a matrixAis ||A|| = TrATA. Then the distance from
D to this family is

|D —cl|| = nja—¢|? + (n* — n)|b]? = 2n(1 — Reac")

Whenc has the same phase aghis is minimized at 8(1 — a), and this minimum is maximized when
|a| = 1—2/n. This corresponds to Grover’s operator times an overals@he this paper we taketo be
real and negative.
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B Resonances in the discrete-time walk

In order to evaluate Equatidh 5, we use Fourier analysisiagathis time on functions of andl, or rather
on the rescaled variables
2j 2
X=coswj =1— FJ’ y=coswy =1— -

We Fourier transform the quanti¥in Equatior{ b. Since we are interested in oscillations afdencyO(t),
we write

Vo= 3 V(7T gy an
Px, DyEZ

so that as goes to infinity, we may treat this as the integral

Y(xy) = //\?(Bx, B,) & LBx+BY) 4B, B, (12)

Then, using the binomial theorem, we have
— [ BBy ¥ (B y) e (2P B cod coé’-k% (13)

We will show thatY peaks at values o, and By corresponding to the first-order oscillation, namely
(Bx:By) = (2,0) and(0,2). This gives a form similar to Equatidn 6, so that tf/@ = 11/2 the total vari-
ation distance will be exponentially small.

We calculatey by inverting Equatiof 32,

~ 1 r+t1 p+1 _
N B A

where the normalization is due to the rangexahdy. We divide this integral into two terms, both of which
are of the form

/ dxdy < >cosw £ dtBtBY) — o ( / dxdy< ’ )ét ‘*’i*ﬁx”ﬁvy)) (14)

We can evaluate the right-hand integral in Equafign 14 usiagnethod of stationary phase, also known as
steepest descent, which Nayak and Vishwarfath [JV0O0] useddtie asymptotic form of the wave function
on the line. In general, if is a slowly varying function then the asymptotic integral

lim // f(x,y)€" Y dxdy

is dominated by contributions from the poirftsy) in the domain of integration whexghas zero gradient.
(See, e.g.,[[BH15].) If is the smallest integer such that thé derivative ofg at (x,y) is nonzero, we
say that(x,y) is rth-order. In general, such asymptotic integrals are dominated byribotions from the
stationary points of highest order.

In Equation I} the slowly varying function {& = A) /2, and the phase function is

@ (X, Y) = s + Bxx+ Byy
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Its derivatives are

0 1 1

& = —— + — + BX
ox SiNWj|  SINWk_j+

0@ 1 1

a—y N _sinwm - sinwk,m + By

For bothg, and@_, setting these to zero gives four stationary poiRgsyo), where the angle®; |, W+
are described by

. 2 . 2
SiNWj 4| = 5—— SINWK—j4l = ——— (15)

Bx + By |Bx — By|

CosWj | =X +Yo— 1=+ 1—< 2 >2 COSWX— | —1—%—xo+y—i 1—< 2 >2
j+ = o—1= Bt By —jH = n 0= BB

Note that the signs of the cosines can be chosen indepepdand all four possibilities exist for botf,
and@_. Choosing both cosines to be positive gives

1 2 \? 2 \? k
X° 2<\/l<[3x+[3y> _\/l_<Bx—By> )“n
1 2 \2 2 \?\ k
o = 2<\/1<BX+By> +\/l_<8x—[3y> )*n (16)

The other three solutions are given by choosing one or botheotosines in Equatign]15 to be negative,
which affects the signs of the square roots in Equdtign 18.these solutions to be real, we requg>
|Bx| + 2 for the stationary points af,, andByx > |By| + 2 for the stationary points @_. Thuspy — By > 2
for @, andPyx— By > 2 for ¢_, and in both caseS, + By > 2.

To find the order of these stationary points, we calcufgesecond derivatives &ko, Yo):

0°@:  0°Q.  COSWji _ COSWj+l
o 0y siftwy | Sk i
0@, _ 02¢, _ _C.OS(A)j+| n c.ogwﬁ-ﬂ (17)
oxoy dyox siltwjy st 4

Given the restrictions oflx and 3y for the stationary points to be real, for eachgf and¢_ the second
derivatives are zero at exactly one pair of frequencies,etyay = 0 andp, = 2 for @, , andfx = 2 and
By = 0 for @_. We will call these thedominant stationary points. Note that at these frequencies we have
wj+1 = W j = T/2 and the four stationary points coincide at the peak of therhials in Equatior]5
wherej = k/2 andl = (n—Kk)/2. Moreover, these frequencies are exactly the first-ordeitlations ofY
appearing in Equatiof 6.

Computing the third order derivatives@f,| = ux_j41 = /2 gives

93 03 1 3o W 1 3cofwy_;

(F;i _ (Piz S - 426 i | ; 4 2C it | _ 141
ox X0y siltwjy  Sir w4 Siffx_j1 - SIM Ok
93 93 1 3o W 1 3cofwy_;

(pi = z(pi - - ) + . 5 J—H :F . 3 + .5 m( J+| — —l:Fl
ay? 0x2 0y SiIPWy Sy SIP Wy S W 4
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Thus the dominant stationary points are third order, antleir wicinity @. takes the form

@ = 5 (0 y) £ (- Y)°) + 0 ()

Thus if we rotatet/4 to new variablea = x+y andb = x—y, we transformpinto the sum of two decoupled
functions in the vicinity of the dominant stationary poiatd write the integral of Equatidn|14 as the product
of two one-dimensional integrals. For one-dimensionagrals with a third-order stationary poixy, this
takes the form[[BH7557]

r1/3

i to(x) _ jto(xo)
lim dx f (x) e'® = 73 f(xo) €

dinsgn(o)/6

whereo = @ (xo) is the third derivative axg. Since we have the product of two such i[ltegrals, and since
f(x0) = (1FA)/2= 0(1) and|o| = 2, the contribution of the dominant stationary poin®¢k) is

[A(K)] gominan= 0 (t‘” i (COé‘ o eos %» o

We now need to calculate the contribution of the other gtatip points. These are second-order, and
their contribution takes the form

| | By/2
lim / / dxdy f (x,y) €Y — zt—” T f(xy) gy €27, <t12> (19)
(xy)

+ O(tfl/S)

\/|deto?@, |

whereazq),(,y is the matrix of second derivatives @fat (x,y), anddyy is +1, 0, or—1 depending on whether
zero, one, or both of its eigenvalues are negative. FromtigUaT we have

COSWj 4| COSUXx— j+I

sin® wj 1 sty

detd®q, = +4
Focusing on the oscillating part of Equatipr} 13, we have
/ / By By €W (BeBy) coé‘% coé“k% (20)
where
k k
qJ:t(BXa By) = (Pi(XO7YO) - 1_ ﬁ BX - ﬁBy
Since this really is an integral in the limit— oo, the co¥, cod" ¥ terms create sharper and sharper peaks

wherepy, By are multiples of 4. We can approximapeat each peak to first order as a functiorf3elandpy.
For the stationary point af.. where the sign of both cosines is positiue, is given by

2 2
ll&(Bx,[-’)y):Sin_lﬁ—sin‘lB 3[3 +\/<BX;BV> _1i\/<Bngy> 4
X y X y

Its derivatives with respect {8 andfy are

o 1 (2 N _< 2 >2 B _<_I_<>_k—2jo
an B 2(\/1 (Bx+[3y> \/1 Bx_By =0 1 n/ n
al'p_i - } _ i ? . 2 2 . _I_(_n—k—Zlo

By zwl (mm) +\/1 (ersy>>y° NS n (21)




and similarly for the other stationary points,Yo); we can also derive this directly from the definition of
-+ and the fact that we are at a stationary poingof In other words, the derivatives dfare proportional
to the distance of the stationary points off the binomialksea

The entire(By, By)-plane can be tiled with £ 4 squares centered on these peaks. Integrating Eq{iation 20
on one such tile, say around the pdik= 4p, By = 44, gives

/4p+2/4q+2 dBxdBy e "BXB”'%BV) coé‘@ coé‘_k&
4 n n
e k n—k N\ _ 1@’ (k) /n-k
T 22 \3(k—ngt)) \Fn—k—ngt)) ~ 22 \jo) \ o

=0 exp[n (Eh(%) + <1— g) h(nlfok> —In2>] = exp(nZ) (22)

whereh(z) = —zInz— (1—2)In(1— 2) is the entropy function. Note that if the quantifyin Equation[ 2P
is less than-In+/2 for all stationary points other than the dominant ones) their contribution tdP(k)|?
will be 2" wherey > 1, in which case summing over &lwill give an exponentially small contribution,
0(2(1-Y)"), to the total variation distance. To confirm this, note thas maximized by the other stationary
points closest to the origin, such as the stationary poirg,ofwith both cosines positive, whefiy = 0
and By = 4. From Equatiorf 21 this gived/oBx = 0 andoy/dBy = v/3/2, and sojo = k/2 andlg =
(1— ‘/7§)n— k)/2. Both binomials are non-zero only in the interiad (O, (1- ‘/7§)n) andZ is maximized
atk = 0, where

Z=nh (E— £> —In2=-0.447< Ini = —0.346

2 V2

The other second-order stationary points are this far dndarfrom the origin, giving values ofy andlg
farther off the binomial peaks, and therefore smaller gné®
Recalling Equatior 19 above, our final concern is the sumeohtkights of these peaks,

z 1
BBy |/ |detd?qp, g |
taken over all second-order stationary poiffig By). Since these occur whe, By are multiples of 4, from

Equation[Ib we havfosw; ;| cosux—j+i| > 3/4. Then

3

|det6 (0TS BXaBy | — !SII’ISOOHI Slns(ﬂ( i+ ‘

3
=6l IBx+ By‘3 Bx — By’3

and it is sufficient to show that the sum

S Bt Byl ¥2 (B — By ¥?
Bx#By

converges. Again rotating liy/4 to variablesa = x + By andb = B, — By, we get the sum

2
> I %2l 9 < (Z |a|3/2)
a, a
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Observing thalza>0a*3/ 2 converges shows that the contribution of the second-or@¢iosary points is
exponentially small.

Now we return to the dominant contribution By(k), Equatior] 18. If we could have= (11/4)n exactly,
this dominant term would be zero, leaving us with the seaomiér stationary points and an exponentially
small total variation distance. However, in the discrétgetwalkt must be an integer. Setting= [(17/4)n],
we have costZn= 0(1/n). Using the binomial theorem and Equatfoh 18, the DiacohiahShahani bound
gives

IR-U|* =, n*3 Z <n> <2co§k§+2co§‘§>
O<k<n k n n

2t\" 2t\"
< 243 [<2cosﬁ> + <1+co§ﬁ> — ] = o(n7/3)
and so the total variation distancel|[ig@ —U|| = o (n~7/6), completing the proof of Theorem 1.

C A graph product derivation of the continuous-time walk

As an alternate derivation for the continuous-time walk,osa calculate the wave functialy directly by
exploiting the hypercube’s simple structure as a produaplyr Letoy be the Pauli matri>< 2 (1) ) Then
we can rewrite Equatiofj 7 as

H=

Sl

n
Zl®'~®0x®---®1
=1

where thejth term in the sum hasy, appearing in thgth place in the tensor product. Then using the identity
(A®B)(C®D) = AB®CD, and the fact thate ® = *e® whenA andB commute, we have

' - ' ity /" cost/n isint/n \“"
= Ht — tO'x/I'] — tcx/n —
Ve D11® setie el [el } ( isint/n cost/n )

whereA®" is the tensor product af copies ofA. If Yo = |0---0) = |0)*", then

W =UWo = [(Costﬁ) 0) + (i sinEn) |1>}®n

and we see that the continuous-time walk is equivalemt t@n-interacting one-qubit systems. Then the
amplitude for observing the particle at a positwith Hamming weighix is

W (X) = (cos%) i (i sinin)x

which whent = k(11/4)n for k odd gives|yx (x)|? = 27", the uniform distribution.
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