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We propose a novel general piecewise surface regression model that allows for arbi-

trary functions to be used in each piece, and arbitrary boundary surfaces between

pieces. We also give an EM-based algorithm for this model, EMPRR, that scales to

high dimensions. We compare EMPRR’s performance with those of model trees and

functional trees, two regression tree learning methods, on synthetic piecewise data

and benchmark data sets. Our results show that EMPRR outperforms the other two

methods on the synthetic data sets and performs competitively on the benchmark

data sets while generating accurate and much more compact models.
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Chapter 1

Introduction

Piecewise functions have many applications in science. From signal and control

theory where they are used in controllers that change the flow rate from 3ft3/sec

to 5ft3/sec at a certain time point, to biology where the bacterial growth curve is

characterized typically by four different growth phases, piecewise functions occur as

natural and man-made phenomena. Modeling such phenomena requires nonlinear

n-way piecewise regression, which the currently available methods for piecewise re-

gression do not provide. Some of them (McGee & Carleton, 1970; Quinlan, 1992;

Wang & Witten, 1997; Yu et al., 2001; Gama, 2002) are limited to linear regression,

some are limited to only two regimes (Quandt, 1958), and some need prior information

about the underlying piecewise hypothesis (Tishler & Zang, 1981).

This thesis develops a model for general piecewise surface regression. This model

allows for arbitrary functions to be used in each regime, can enforce continuities

or allow discontinuities between regimes, and allows for arbitrary boundary surfaces

between regimes. However, the large number of parameters needed to represent a

piecewise surface in this model can grow quickly, making direct nonlinear optimization

difficult. Thus we also present EM-based Piecewise Regressor Algorithm (EMPRR), an

EM-based algorithm for our model that scales more easily to high dimensions.

We perform the regression by minimizing the squared error between a hypothesis

(model) and the sample data. We can use any nonlinear optimization technique

to perform this optimization step. In our study, we use the nonlinear optimization
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technique of Marquardt (1963). This model does not require any prior information

about the underlying piecewise hypothesis beyond knowledge of the number of regimes

and the general form of the function in each regime (e.g. cubic, exponential).

Under a few assumptions, regression to a piecewise function with one independent

variable is straightforward if we use dynamic programming. But it is unlikely that

dynamic programming can be used in the case of multiple independent variables

since the boundaries of the regimes become higher-dimensional. Thus we developed

a heuristic model that divides the regression problem into two independent, simpler

regression problems. This model performs two independent regression steps, each of

which optimize a distinct set of parameters, switching back and forth between them

until it converges. This is analogous to the Expectation Maximization (EM) algorithm

(Dempster et al., 1977) commonly used in machine learning, which alternates between

two steps, the Expectation step (E-step) that estimates the expected values of the

hidden parameters from the current hypothesis and the Maximization step (M-step)

that finds a new hypothesis that maximizes the expectation from the E-step.

In this thesis, we evaluate EMPRR by devising experiments to test its performance.

We generated synthetic piecewise data using different sets of parameters and tried

to fit them using EMPRR, and also using M5′ (Wang & Witten, 1997) and functional

trees (Gama, 2002), two regression tree-learning methods mentioned in Chapter 3.

Results show that EMPRR outperforms the other two methods in the data sets that we

used, by generating accurate and compact models. We also used a set of benchmark

regression problems to compare the performance of EMPRR with M5′ and functional

trees. Our results show that EMPRR is competitive against the two methods and

constructs a model with a much more compact representation. Being a regression

technique however, it fits the data so well that it performs slightly worse on unseen

data, but the differences are not statistically significant most of the time.

The rest of the thesis is organized as follows. Chapter 2 provides the necessary

background information on piecewise functions and the theory behind data model-

ing. Section 2.2 introduces the concept of data modeling. Section 2.3 explains vari-

ous methods to measure correlation between variables during data modeling. Chap-

ter 3 lists the currently available methods from the literature and their shortcomings.
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Chapter 4 explains our piecewise surface regression algorithm. Section 4.1 explains

the steps in evaluating piecewise function with one independent variable. Section 4.2

explains the piecewise surface regression model and the steps involved in EMPRR. Sec-

tion 4.3 discusses the variations to the basic algorithm and Section 4.4 talks about

our implementation.

In Chapter 5 we present some interesting results from comparing EMPRR with M5′

and functional trees. Section 5.1 talks about the synthetic data sets that we gener-

ated and gives results obtained from running EMPRR on these data sets. Section 5.2

talks about the set of benchmark regression data sets and summarizes results from

analyzing data sets. Finally, Chapter 6 draws conclusions and also briefs work in

progress and future work.
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Chapter 2

Background

This chapter provides necessary background information about data modeling

techniques. The topics discussed here are either directly used in our algorithm or

relevant to the understanding of the implementation of the algorithm. But the reader

can skip Section 2.2 onwards without loss of continuity, if understanding the imple-

mentation is not desired. Most statistical books will provide the information given

here. A portion of the following discussion given here has been adopted from Press

et al. (1992), which provides a compact summary of the theory behind data mod-

eling. Section 2.1 introduces piecewise functions and Section 2.2 gives details that

are necessary to understand data modeling. Section 2.3 talks about measuring the

association between two variables.

2.1 Piecewise Functions

Let X and Y be two sets. A function f from X to Y is a relation between X and

Y such that for each x ∈ X there is one and only one associated y ∈ Y . The set X

is known as the domain of the function and Y is known as the range of the function.

A function is generally denoted by y = f(x), indicating a relation {x, f(x)}. x can

be viewed as an input to function f and y as the output of function f .

A piecewise function is a function whose definition of the relation between X and
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Y depends on the value of the input. For example, the following function

f(x) =















4x2 + 2x + 5 if x < 8

sin x if 8 ≤ x < 15

0 otherwise

(2.1)

uses a different relation to evaluate y = f(x) for x = 1, x = 10 and x = 20. A

transition point (also referred to as a join point or knot in the literature) of a piecewise

function is defined as the point at which it makes a transition from one form to

another. For example, for the function defined by Equation (2.1), the transition points

are 8 and 15. A piecewise function may be continuous or discontinuous depending

on whether or not the functions flanking the transition point meet at the transition

point.

Piecewise functions occur commonly in nature. For example, the bacterial growth

curve contains four different phases among which three are distinct and well-defined.

They are exponential phase, stationary phase and death phase. Each phase is charac-

terized by a different equation. The three-phase bacterial growth curve can be defined

by

S(t) =















S0e
ηt if 0 ≤ t < ts

Ss if ts ≤ t < td

Ss + M(t− td) if td ≤ t

, (2.2)

where

S0 is the initial cell number (number of cells) in the population,

Ss is the cell number during stationary phase,

ts is the time at which stationary phase starts,

td is the time at which death phase starts,

η is the exponential growth rate constant,

M is the rate at which cells disappear during death phase.

Modeling the bacterial growth curve and estimating the growth parameters is a com-

mon procedure in biology.

Modeling piecewise functions is more complex than modeling ordinary functions
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since it does not have a unique representation of the relation between the domain and

the range.

2.2 Modeling of Data

Fitting data to a model that depends on adjustable parameters is known as ‘mod-

eling of data’. This is conventionally done by defining a figure of merit function that

relates the data to the model. The properties of the relation and the relation itself are

then used in fitting the data as close to the model as possible. The parameters that

define the model closest to the data in terms of the figure of merit function are known

as best-fit parameters. Traditional figure of merit functions are inversely proportional

to the quality of the fit, i.e., the lower the value of the function, the better the fit.

But data modeling does not necessarily stop with finding the best-fit parameters.

Measured data are generally subject to measurement errors. Thus typical data may

not exactly fit the model that is being used, even when that model is correct. More-

over, if the class of model is incorrectly chosen, there may not exist a set of parameters

to even fit the data very well.

2.2.1 Least Squares and χ-Square Fitting

Suppose that we are fitting N data points (xi, yi), i = 1, . . . , N , to a model that

has M adjustable parameters aj, j = 1, . . . ,M . The model predicts a functional

relationship between the measured independent variable (or independent attribute) x

and dependent variable (or the target variable or dependent attribute) y as,

y(x) = y(x; a1 . . . aM) , (2.3)

where the right-hand side indicates that y is dependent also on the adjustable pa-

rameters. (We use y(x) and y(x; a) interchangeably – the latter only reiterates the

definition of the model using a.) We need a measure to minimize so as to get fitted

values for aj’s.

For any given data set of xi’s and yi’s, we can say that some parameter sets

a1 . . . aM are very likely to have generated them and some are unlikely. To precisely
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quantify this behavior, we cannot ask “What is the probability that a particular set

of fitted parameters a1 . . . aM is correct?” (Press et al., 1992). This question would

be appropriate if there is a statistical universe of models from which the model is

drawn. On the contrary, there is only one correct model (that generated the data)

and a statistical universe of data sets (including the given data set) that are drawn

from it. A valid question would then be, “Given a particular set of parameters,

what is the probability that this data set could have occurred (Press et al., 1992),

allowing a deviation of some fixed ∆y on each data point?” If this probability is

infinitesimally small, then we can say that the set of parameters are unlikely to be

right. Conversely, this probability should not be very low for the correct choice of

parameters. This probability is the likelihood of parameters given the data.

Suppose that there is a measurement error associated with each data point yi

and that it is independently random and normally distributed around the true model

y(x). Suppose also that the standard deviations σ of these normal distributions are

the same for all points. We can calculate the probability P of the data set as the

product of the probabilities of the individual data points, using

P ∝
N
∏

i=1

{

exp

[

−1

2

(

yi − y(xi)

σ

)2
]

∆y

}

. (2.4)

To obtain the best-fit for the data points, we only need to find the parameters

a1 . . . aM that maximize the probability of the data set. Now maximizing Equa-

tion (2.4) is equivalent to minimizing the negative of its logarithm,

[

N
∑

i=1

[yi − y(xi)]
2

2σ2

]

−N log ∆y .

which is equivalent to minimizing

N
∑

i=1

[yi − y(xi; â)]2 , (2.5)

since N , σ and ∆y are all constants. This is known as the least-squares fit.

If each data point (xi, yi) has its own normal distribution of its measurement error

around the true model, with standard deviation σi, then Equation (2.4) is modified to
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reflect this behavior. Thus the maximum likelihood estimate of the model parameters

is obtained by minimizing the quantity

χ2 ≡
N

∑

i=1

(

yi − y(xi; â)

σi

)2

, (2.6)

called the chi-square.

If we are measuring a single variable y as a function of more than one variable

— say, a vector of variables x̂, then our basis functions will be functions of a vector,

X1(x̂), . . . , XM(x̂). The χ2 merit function is now

χ2 =
N

∑

i=1

(

yi − y(x̂i; â)

σi

)2

. (2.7)

2.2.2 Linear and Nonlinear Models

To fit a set of data to a straight line, we can use linear regression, which guarantees

the best-fit model parameters a1 . . . aM based on the least squares criterion. This

can also be generalized to a model that is a linear combination of any M specified

functions of x̂, like a polynomial of degree M−1 or a harmonic series containing sines

and cosines of x̂. The general form of this kind of model is

y(x̂) =
M

∑

k=1

akXk(x̂) (2.8)

where X1(x̂), . . . , XM(x̂) are arbitrary fixed functions of x̂. Using χ2 as the merit

function we can use several different techniques to pick best parameters that minimize

χ2. Two such methods are solution by normal equations and solution by singular value

decomposition. These methods determine the best-fit parameters by minimizing χ2

in one step. With nonlinear dependencies, however, the minimization must proceed

iteratively. Let us take some point P̂ as the origin of the coordinate system with

coordinates â. Then χ2 can be approximated by its Taylor’s series

χ2(â) = χ2(P̂ ) +
∑

i

∂χ2(P̂ )

∂ai

ai +
1

2

∑

i,j

∂2χ2(P̂ )

∂ai∂aj

aiaj + · · ·

≈ γ − d̂ · â +
1

2
â · D̂ · â , (2.9)
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where

γ ≡ χ2(P̂ ), the value of χ2 at P̂ ,

d̂ ≡ −∇χ2(P̂ ), the negative gradient vector (w.r.t. â) of χ2 evaluated at P̂ , and

D̂ij ≡ ∂2χ2(P̂ )
∂ai∂aj

, the second order gradient vector of χ2 evaluated at P̂ .

The matrix D̂ whose components are the second partial derivatives of the function

is called the Hessian matrix of the function at P̂ . Near the current point âcur, we can

approximate the value of χ2 up to second order, as

χ2(â) ≈ χ2(âcur) + (â− âcur) · d̂ +
1

2
(â− âcur) · D̂ · (â− âcur) , (2.10)

so

∇χ2(â) ≈ ∇χ2(âcur) + D̂ · (â− âcur) . (2.11)

If the approximation in Equation (2.9) is good, using Newton’s method we set

∇χ2(â) = 0 and determine the next iteration point using

ânext = âcur − D̂−1 · ∇χ2(âcur) . (2.12)

On the contrary, if Equation (2.9) is a poor local approximation to χ2 at âcur, we

can take a step down the gradient, as in steepest descent methods,

ânext = âcur − constant×∇χ2(âcur) , (2.13)

where the constant is chosen such that it does not exhaust the entire downhill direc-

tion. To use Equations (2.12) and (2.13), we must be able to compute the gradient

of χ2 at any set of parameters â. To use Equation (2.12), we also need the Hessian

matrix D̂ at any â. The choice between these two equations depends primarily on the

availability of the Hessian matrix. In this case, since we know the exact form of χ2,

the Hessian matrix is known to us. Therefore we can use Equation (2.12) whenever we

want. The only reason to choose Equation (2.13) will be failure of Equation (2.12) to

improve the fit, which tells us that Equation (2.9) is not a good local approximation.

2.2.3 Calculating the Gradient and Hessian Matrix

The model to be fitted is

y = y(x̂; â) (2.14)
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and the χ2 merit function is Equation (2.7). To obtain the parameters â at the χ2

minimum, we need to set the gradient of χ2 with respect to â to zero. This gradient

is given by

∂χ2

∂ak

= −2
N

∑

i=1

[yi − y(x̂i; â)]

σi

∂y(x̂i; â)

∂ak

, k = 1, 2, . . . ,M . (2.15)

Taking an additional partial derivative gives

∂2χ2

∂ak∂al

= 2
N

∑

i=1

1

σ2
i

[

∂y(x̂i; â)

∂ak

∂y(x̂i; â)

∂al

− [yi − y(x̂i; â)]
∂2y(x̂i; â)

∂al∂ak

]

. (2.16)

If we remove factors of 2 by defining

βk ≡ −
1

2

∂χ2

∂ak

and αkl ≡
1

2

∂2χ2

∂ak∂al

, (2.17)

and making [α] = 1
2
D̂ in Equation (2.12), we can rewrite it as the set of linear

equations
M

∑

l=1

αklδal = βk . (2.18)

This set is solved for the increments δal, which is the distance to the next approxi-

mation in the positive direction. In the context of least-squares, the matrix [α], equal

to one-half times the Hessian matrix, is usually called the curvature matrix.

Equation (2.13), the steepest descent formula, translates to

δal = constant× βl . (2.19)

The components αkl of the Hessian matrix in Equation (2.16) depend both on the

first and second derivatives of the basis functions with respect to their parameters.

Second derivatives occur because the gradient in Equation (2.15) already has a de-

pendence on ∂y

∂ak
, so the next derivative contains terms involving ∂2y

∂al∂ak
. The second

derivative term can be dismissed when it is zero (as in a linear function), or small

enough to be negligible when compared to the term involving the first derivative. In

practice, this is quite often ignorably small. If we look at Equation (2.16) carefully,

the second derivative is multiplied by [yi−y(x̂i; â)]. For a successful model, this term
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should just be the random measurement error of each point. This error can have

either sign, and should in general be uncorrelated with the model. Therefore, the

second derivative terms tend to cancel out when summed over i.

Inclusion of the second-derivative term can in fact be destabilizing if the model

fits badly or is contaminated by outlier points that are unlikely to be offset by com-

pensating points of opposite sign. Therefore the definition of αkl becomes

N
∑

i=1

1

σ2
i

[

∂y(x̂i; â)

∂ak

∂y(x̂i; â)

∂al

]

. (2.20)

2.2.4 Marquardt’s Method

Most algorithms for the least-squares estimation of nonlinear parameters have

centered about either of the two approaches introduced in this section. Both meth-

ods not infrequently run aground: the Taylor series method because of its divergence

of the successive iterates, and the steepest-descent (or gradient) methods because of

agonizingly slow convergence after the first few iterations. Marquardt (1963) devel-

oped an elegant maximum neighborhood method, related to an earlier suggestion of

Levenberg (1944), which, in effect, performs an optimum interpolation between the

Taylor series method (2.18) and the steepest-descent method (2.19), the interpolation

being based upon the maximum neighborhood in which the truncated Taylor series

gives an adequate representation of the nonlinear model. Taylor series method is used

far from the minimum, switching continuously to the steepest-descent method as the

minimum is approached. This Marquardt method works very well in practice and has

become the standard of nonlinear least-squares routines (Press et al., 1992).

The Marquardt method is based on two important insights. There is no informa-

tion about the scale or the value of the “constant” in Equation (2.19) in the gradient.

Marquardt surmised that the components of the Hessian matrix must hold some in-

formation about the order-of-magnitude scale of the problem. Equation (2.7) shows

that χ2 is nondimensional. But βk has the dimensions of 1
ak

, which may be dimen-

sional. The constant of proportionality between βk and δak must therefore have the
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dimensions of a2
k. Among the components of [α] there is only one quantity with these

dimensions: 1
αkk

, the reciprocal of the diagonal element. So he suggested that 1
αkk

must set the scale of the constant. To avoid the scale becoming too large, it is di-

vided by a nondimensional fudge factor λ. The step can be cut down drastically by

setting λ� 1. Equation (2.19) is then replaced by

δal =
1

λall

βl or λallδal = βl . (2.21)

It is necessary that all be positive, but this is guaranteed by definition from Equa-

tion (2.20).

Marquardt’s second insight is that Equations (2.21) and (2.18) can be combined

if we define a new matrix α′ by the following prescription

α′
jj ≡ αjj(1 + λ)

α′
jk ≡ αjk, ∀j 6= k (2.22)

and replace both Equations (2.21) and (2.18) by

M
∑

l=1

α′
klδal = βk . (2.23)

When λ is very large, the matrix α′ is forced into being diagonally dominant, so

equation (2.23) goes over to be identical to Equation (2.21).

For notational convenience, let us denote the value of χ2 at iteration r − 1 as

Φ(r−1). Let λ(r−1) denote the value of λ from the previous iteration. Initially let

λ(0) = 10−2, say. Marquardt’s strategy to find optimal choice for λ(r) is as follows:

Let ν > 1
Compute Φ(λ(r−1)) and Φ(λ(r−1)

ν
).

1. If Φ(λ(r−1)

ν
) ≤ Φ(r), let λ(r) = λ(r−1)

ν
.

2. If Φ(λ(r−1)

ν
) > Φ(r) and Φ(λ(r−1)) ≤ Φ(r), let λ(r) = λ(r−1).

3. If Φ(λ(r−1)

ν
) > Φ(r), and Φ(λ(r−1)) > Φ(r), increase λ by successive

multiplication by ν until for some smallest w, Φ(λ(r−1)νw) ≤ Φ(r).
Let λ(r) = λ(r−1)νw.
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Given an initial guess for the set of fitted parameters â, Press et al. (1992)

implement the Marquardt method as follows:

1. Compute χ2(â).

2. Pick a modest value of λ = 0.001.

3. Solve linear equations in Equation (2.23) for δa and evaluate χ2(â + δâ).

4. If χ2(â + δâ) ≥ χ2(â), increase λ by a factor of 10 and go back to Step 3.

5. If χ2(â + δâ) < χ2(â), decrease λ by a factor of 10, update the trial solution

â← â + δâ, and go back to Step 3.

Given the iterative procedure, we also need a condition for stopping the iterations.

It is not necessary to continue until convergence (to machine accuracy), since a change

in the parameters that changes χ2 by an amount�1 is never statistically meaningful

(Press et al., 1992). Parameters are often found wandering around near the minimum

in a flat valley of complicated topography. Therefore, in practice, one might as well

stop iterating on the first or second occasion that χ2 decreases by a negligible amount,

either absolutely or some fractional amount. But iterations should not be stopped

after a step where χ2 increases: That only shows that λ has not yet adjusted itself

optimally.

2.2.5 Problems Associated with Nonlinear Optimization

Techniques

One potential problem with nonlinear optimization techniques is that finding a

global minimum of χ2 is not guaranteed. A greater problem faced by almost ev-

ery nonlinear optimization technique is non-convergence, which is convergence to a

solution that is relatively very far (in terms of χ2) from a global optimum. Non-

convergence increases with the complexity of the function to be optimized and the

number of parameters. These apply to Marquardt’s method also.
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Since the Marquardt method also uses Taylor series iteration, another problem is

a singular Hessian matrix for which we need to find an inverse. This happens due

to various reasons, such as one parameter being co-dependent on another parameter

and the value of one parameter smothering another parameter (Sherrod, 2001). To

illustrate the former case, consider the function y = p0 + p1p2x. This does not have a

unique solution since p2 can take almost any value if a corresponding value for p1 is

chosen. To illustrate the latter case, consider the function y = p0 + p1x
p2 . If during

the solution process, p1 takes on the value 0, then varying the value of p2 has no effect

on the equation, and the method cannot figure out which way to change the value of

p2 to move toward convergence.

This phenomenon can be generalized as follows: Equations (2.12) and (2.18) can

be viewed as linear mapping from the vector space δa to the vector space ∇χ2 by D̂.

If the matrix D̂ is nonsingular, it maps vector space δa into the vector space ∇χ2

of the same dimension, and there is only one possible value for δa. If it is singular,

it maps δa into a vector of lower dimensionality, and for a given D̂ there are more

than one possible vectors that can be mapped to ∇χ2. Taylor series methods do not

provide a solution in such cases, since the inverse of the Hessian matrix does not exist.

2.3 Correlation between attributes

In certain cases, the dependent variable may not depend on one or more indepen-

dent variables. In such cases, it is better to remove such variables, since they will only

mislead the least-square fit. There are several techniques to evaluate the correlation

or dependence between two variables. These can be used to find uncorrelated vari-

ables and remove them from the model so that the data can be fit to a more realistic

model.

2.3.1 Linear Correlation

Linear correlation is a measure of association between continuous variables. For

pairs of quantities (xi, yi), i = 1, . . . , N , the linear correlation coefficient, r, is given
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by the formula

r =

∑

i (xi − x̄)(yi − ȳ)
√

∑

i (xi − x̄)2
√

∑

i (yi − ȳ)2
,

where x̄ is the mean of the xi’s and ȳ is the mean of yi’s.

The value of r lies in [−1, 1]. When all data points lie on a straight line with a

positive slope (y increasing as x increases), r becomes 1. This is known as a complete

positive correlation. If, on the other hand, all data points lie on a straight line with a

negative slope (y decreasing as x increases), we call that complete negative correlation,

with r becoming −1. If r takes on a value very close to zero, it indicates that x and y

are uncorrelated. r can be used to summarize a correlation if the correlation itself is

significant. But it cannot tell us whether that correlation is statistically significant.

Since r does not take into account the individual distributions of x and y, there is no

universal way to compute its distribution in case of null hypothesis.

2.3.2 Non-parametric Correlation

The uncertainty in interpreting the significance of the linear correlation coefficient

r leads us to the important concepts of nonparametric or rank correlation. It obviates

the difficulties that arise from lack of information on the probability distribution

function from which the xi’s or yi’s were drawn.

If we replace the value of a point xi by its rank among all the xi’s in the sample,

we would get a list of numbers uniformly drawn from a known distribution – integers

between 1 and N , inclusive. If all the xi’s are distinct, then each integer will occur

exactly once. If some xi’s have the same values, then the “ties” are assigned the mean

of the ranks that they would have had if their values had been slightly different (with-

out affecting the ranks of points other than the ties.) This midrank will sometimes

be an integer, sometimes a half-integer. But the sum of all the assigned ranks will

be equal to the sum of all integers from 1 to N, which is 1
2
N(N + 1). We repeat the

same procedure for yi’s, replacing each value by its rank among all yi’s in the sample.

Now the job is to detect correlation between uniform sets of integers between 1 and

N (with the possibility of ties in the ranks). Of course, we lose some information when

we replace the value of a point with its rank, but the objective is different here. We are
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trying to correlate the relative ordering of the points, which is nonparametric, in x and

y. If we find a correlation using the ranks, then we can be more confident that there

is really a correlation between x and y thus avoiding potential spurious correlations,

i.e., resulting from points with measurement errors. In this manner, nonparametric

correlation is more robust than parametric correlation. This can be compared to the

idea of the median being more robust that the mean. Two particular choices of a

statistic are the Spearman rank-order correlation coefficient (rs), and Kendalls tau

(τ).

Spearman Rank-Order Correlation Coefficient

Let Ri be the rank of xi among the other x’s, Si be the rank of yi among the other

y’s, ties being assigned the appropriate midrank. Then the rank-order correlation

coefficient is defined to be the linear correlation coefficient of the ranks, namely,

rs =

∑

i (Ri − R̄)(Si − S̄)
√

∑

i (Ri − R̄)2
√

∑

S (Si − S̄)2
.

The significance of a nonzero value of rs is tested by computing

t = rs

√

N − 2

1− r2
s

.

Kendall’s τ Coefficient

While the rank order coefficient uses the numerical difference of ranks, Kendall’s

τ uses only the relative ordering of these ranks: higher in rank, lower in rank, or in

the same rank. In that sense, τ us more nonparametric than rs. But τ and rs are

very strongly correlated, and in most applications, are effectively the same test.

Consider all 1
2
N(N − 1) pairs of data points, where a data point cannot be paired

with itself, and where the points in either order count as one pair. We call a pair

concordant if the relative ordering of the ranks of the two x’s is the same as the

relative ordering of the ranks of the two y’s. We call a pair discordant if the relative

ordering of the ranks of the two x’s is opposite from the relative ordering of the ranks

of the two y’s. If there is a tie in either the ranks of the two x’s or the ranks of the
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two y’s, then we do not call the pair either concordant or discordant. If the tie is in

the x’s, we will call the pair an “extra y pair.” If the tie is in the y’s, we will call the

pair an “extra x pair.” If the tie is in both the x’s and the y’s, we do not call the

pair anything at all. Kendall’s τ is now the combination of these various counts:

τ =
concordant− discordant√

concordant + discordant + extra-y
√

concordant + discordant + extra-x
.

This must lie between 1 and −1, and takes on the extreme values only for complete

rank agreement or complete rank reversal, respectively. In the null hypothesis of

no association between x and y, τ is approximately normally distributed, with zero

expectation and a variance of

V ar(τ) =
4N + 10

9N(N − 1)
.



18

Chapter 3

Related Work

Various attempts have been made to fit data to a piecewise hypothesis consisting of

many sub-hypotheses, each of which is active only in a single region of space. Though

each of these attempts has exploited different characteristics of the problem, they can

be broadly categorized, among many, into two approaches – regression approaches

and decision tree approaches.

3.1 Regression Approaches

These approaches solve the piecewise regression problem by formulating either a

new regression problem or multiple independent regression problems whose solution

presumably gives a near-optimal solution to the original problem.

Quandt (1958) estimated the parameters of a linear regression system obeying at

most two separate regimes. Hudson (1966) reported a method to find the overall least

squares solution when a complete curve to be fit consists of two or more submodels

(though his main results are based on models consisting only of two submodels). But

an important constraint in his approach is that the overall model is continuous at each

join point. McGee and Carleton (1970) outlined an approach that uses hierarchical

clustering to cluster the points into segments that represent the individual regimes of

the piecewise function and perform standard linear regression on them.
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Tishler and Zang (1981) formulated a unified function from the piecewise linear

function using min and max operators and use a nonlinear optimization technique

to minimize mean squared error between the sample data and the hypothesis. The

choice of a sub-hypothesis in a regime is expressed as a combination of min and max

operators on all the sub-hypotheses. Choosing the appropriate combination of these

two operators requires prior knowledge of the underlying sub-hypotheses (at least

their ordering in each regime). They also reported that replacing linear functions

by non-linear functions could be a possible extension. Yu et al. (2001) proposed a

general fuzzy piecewise regression method that formulates the problem as a mixed-

integer programming problem which restricts the function in each regime to be linear

and/or restricts the overall model to be a linear combination of individual functions.

3.2 Decision Tree Approaches

Decision tree learning is a widely used and practical method for inductive inference

of data. It approximates discrete-valued functions, is robust to noisy data and is

capable of learning disjunctive expressions. Decision trees classify instances by sorting

them down the tree from the root to some leaf node, which provides the classification

of the instance. Each node in the tree specifies a test of some attribute of the instance,

and each branch descending from that node corresponds to one of the possible values

for this attribute. Decision tree approaches can naturally handle nominal attributes

(or enumerated attributes) – attributes that can only take (possibly non-numeric)

values from a set of predefined entries.

Most algorithms that have been developed for learning decision trees are varia-

tions on a core algorithm that employs a top-down, greedy search through the space

of possible decision trees. Classification and Regression Trees (CART) system, intro-

duced by Breiman et al. (1984), is a tree learning technique that assigns constant

values at the leaves of the tree. Thus it can fit piecewise constant data very well

and piecewise linear data with some error. The top-down approach is exemplified in

C4.5 (Quinlan, 1993) which was independently derived but similar to CART. C4.5

included methods for dealing with numerical attributes, missing values, noisy data
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and generating rules from trees.

Motivated by these recursive partitioning approaches to regression, Friedman

(1991) presented a new method, Multiple Adaptive Regression Splines (MARS), for

flexible regression modeling of high-dimensional data. The model takes the form of

an expansion in product spline basis functions, where the number of basis functions

as well as the parameters associated with each one are automatically determined by

the data. This method produces continuous models with continuous derivatives. The

simplest model learns a linear combination of nonlinear functions of individual inputs.

It can generate rectilinear partitions of the sample space by choosing knot points in

each dimension (in the attribute space) and fit these functions within each partition.

Each knot point lies on an axis of the attribute space. MARS also allows for inter-

actions between attributes by analyzing the dependencies using two-way analysis of

variance. The use of knot points in MARS is analogous to the use boundary surfaces

in EMPRR. More information on this comparison is given in Section 4.2.3, where we

explain the boundary surfaces in EMPRR.

Quinlan (1992) developed a new system, M5, that combines conventional decision

trees with linear regression functions at the leaves. Like CART, M5 builds tree-

based models; but, whereas regression trees have constant values at their leaves, the

trees constructed by M5 can have multivariate linear models. These model trees are

analogous to piecewise linear functions.

M5 and CART learn efficiently and can build accurate models of high-dimensional

data — up to hundreds of attributes. This ability sets M5 and CART apart from

MARS, whose computational requirements grow very rapidly with dimension, effec-

tively limiting its applicability to tasks with no more than 20 or so attributes. The

advantage of M5 over CART is that model trees are generally much smaller than

regression trees.

Wang and Witten (1997) described a new implementation of a model-tree inducer

(M5′) based on Quinlan’s work. They adopted a method from CART for dealing

with enumerated attributes, and adapted a method for treating missing values. They

reported that M5′ performs somewhat better than M5 on the standard data sets for

which results have been published.
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Gama (2002) presented a new algorithm that allows combination of attributes

both at decision and leaf nodes of what are called functional trees. The algorithm

combines a univariate regression tree with a linear regression function by means of

constructive induction. This approach can be seen as a hybrid model that combines

linear regression (known to have low variance) with a regression tree (known to have

low bias). Results from his work show that functional trees are competitive against

the state-of-the-art in model trees.

These models (except MARS) scale up easily to higher-dimensional data and their

performances are not affected much by the dimensionality of data. But none of these

regression/optimization methods (except MARS) solves the problem of fitting data

to a general piecewise nonlinear function, e.g. the bacterial growth curve defined by

Equation (2.2). But, as we mentioned earlier, MARS can only generate rectilinear

partitions in the sample space.
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Chapter 4

Piecewise Surface Regression

Algorithm

We begin the discussion of our model with the case of a single independent vari-

able. Then we generalize this model to higher dimensions (surface regression). We

also discuss the variations to our basic surface regression algorithm and the imple-

mentation of our algorithm.

4.1 Single-Dimensional Piecewise Regression

In our single-dimensional model, we first transform a piecewise function to a sin-

gle, continuous function using the Heaviside function (also known as the Unit Step

function), defined as

U(x) =

{

0 if x < 0

1 if x ≥ 0
.

We can perform this transformation by switching on and switching off the appropriate

functions at the right time. For example, the function

f(x) =















4x2 + 2x + 5 if x < 8

sin x if 8 ≤ x < 15

0 otherwise

(4.1)
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can be transformed using the Heaviside function to

f(x) = (4x2 + 2x + 5)− (4x2 + 2x + 5) · U(x− 8)

+U(x− 8) · sin x− U(x− 15) · sin x
. (4.2)

We then use the Marquardt non-linear optimization method1 (Marquardt, 1963),

discussed at length in Section 2.2.4, to minimize the sum of the squared errors (SSE)

between the expected and observed values. The Marquardt method is one of the most

widely-used non-linear curve fitting methods. It is very useful for finding solutions

to complex fitting problems. It varies smoothly between the extremes of the Taylor

Series method and the steepest descent method for finding the next step size. The

latter method is used far from the minimum, switching continuously to the former as

the minimum is approached. This technique requires differentiation of the function

to be optimized. A differentiable approximation for the Heaviside function is the

sigmoid function2, defined as

σ(x) =
1

1 + e−ax
,

and Equation (4.2) can now be rewritten as

f(x) = (4x2 + 2x + 5)− (4x2 + 2x + 5) · σ(x− 8)

+σ(x− 8) · sin x− σ(x− 15) · sin x
.

Our initial model assumes that there is exactly one function between two con-

tiguous transition points and that we know the general form of that function.

Theoretically, any function that can be regressed (e.g. polynomial, exponential) can

occur in a regime. If the optimization technique is robust, it will fit the data well.

Although the functions flanking a transition point might meet at that point, it is

not necessary in our model because this constraint is not imposed, unlike in Hudson

(1966). While this is a useful feature for some application areas, discontinuous regimes

reveal a minor difficulty in our model: They could cause a nonzero minimum error

even if there exists a piecewise model that fits the data with zero error. This is

1Any nonlinear optimization method can be used, preferably a robust method.
2We used a = 10 in all our experiments.
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because the sigmoid function is only an approximation of the Heaviside function: It

does not change from 0 to 1 in the ordinate exactly at 0 in the abscissa (in fact,

σ(0) = 0.5). Therefore exactly at a transition point tp, the value of the unified

function is the average of the values of the two functions, say f(tp) and g(tp), in

the flanking regimes, whereas the discontinuous piecewise function jumps to g at tp.

Therefore non-zero error in our solution is unavoidable if there is extensive sampling

near the transition point. Note that in many cases, we can write the unified function

to require continuity across regimes simply by defining the start point of regime i to

be a function of the end point of regime i− 1.

There is a straightforward efficient dynamic programming solution to this one-

dimensional problem, so nonlinear optimization is in fact unnecessary. What is more

interesting is the surface regression problem, for which there is no obvious efficient

optimal algorithm.

4.2 Piecewise Surface Regression Model

It is possible to extend the model of Section 4.1 to higher dimensions by gener-

alizing the curves of each regime to surfaces, and generalizing the transition points

to surfaces as well. In a higher-dimensional piecewise function (piecewise surface

function), we assume that the individual functions are multidimensional surfaces of

multiple independent variables. The boundaries of regimes are also multidimensional,

e.g., for a piecewise surface function with D independent variables, the boundary sur-

face is D-dimensional. We partition the independent variables into two sets x and ẑ,

where x is a single independent variable and ẑ is a vector of all the other independent

variables. We assume that the boundary surfaces can be written as x = b(ẑ), since

a piecewise function has to be piecewise in some dimension. The piecewise surface
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function can be written as

F (x, ẑ) =



























f1(x, ẑ) if x < b1(ẑ)

f2(x, ẑ) if b1(ẑ) ≤ x < b2(ẑ)
...

fn(x, ẑ) if bn−1(ẑ) ≤ x

, (4.3)

where

fi is the surface in regime Ri, and

bi is the boundary surface between regimes Ri and Ri+1.

Then a natural single-equation representation of the piecewise surface can be

formed as

Ŷ (x, ẑ) = f1(x, ẑ)− f1(x, ẑ).U(x− b1(ẑ))

+f2(x, ẑ).U(x− b1(ẑ))− f2(x, ẑ).U(x− b2(ẑ))
...

+fn(x, ẑ).U(x− bn−1(ẑ))

, (4.4)

and nonlinear optimization can be applied as in Section 4.1. However, this gener-

alization increases the dimension of the search space significantly. For example, for

linear f and b with n regimes, the number of parameters is (2n−1)|ẑ|+3n−1, where

|ẑ| is the number of independent variables in ẑ. Even for reasonably high values of

n and |ẑ|, this greatly increases the chance of the nonlinear optimization method

getting trapped in a local minimum. Therefore, we formulate our model with two

disjoint sets of parameters: one for the surfaces of the regimes (α) and one for the

boundary surfaces between regimes (β). We can now fix one set of parameters (e.g.

the boundary surfaces) while optimizing the other (e.g. the piecewise surfaces). We

then alternate in an EM-like fashion until little improvement is seen.

With the partitioned parameter set, the piecewise surface function can be written

as

F (x, ẑ, α, β) =



























f1(x, ẑ, α1) if x < b1(ẑ, β1)

f2(x, ẑ, α2) if b1(ẑ, β1) ≤ x < b2(ẑ, β2)
...

fn(x, ẑ, αn) if bn−1(ẑ, βn−1) ≤ x

, (4.5)
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Figure 4.1: Sample boundary surface in case of 2 independent variables. Primary
independent variable x is dependent on z1 on the boundary surface. (Third dimension
of the dependent variable not shown.)

where

αi is the set of parameters that characterize fi,

βi is the set of parameters that characterize bi,

α = {αi|1 ≤ i ≤ n}, and

β = {βi|1 ≤ i ≤ n− 1}.

Note that in Equations (4.3) and (4.5), we assume that the regimes do not overlap

each other within the bounding box of the data points. Currently our model assumes

that the regimes do not overlap and we develop our algorithm under this assumption.
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1. Make an initial guess for β

2. Regress individual regimes for α

3. Fix α for all regimes

4. Solve for β by fitting data to the model defined by Equation (4.10)

5. If convergence criterion not met go to Step 2

Figure 4.2: Algorithm EMPRR.

As an example, consider a piecewise surface function defined by

F (x, ẑ) =















2 + 3x− 4z1 if x < 0.2z1 + 20

1− 8x + 2z1 if 0.2z1 + 20 ≤ x < −0.25z1 + 90

−5− 3x + 4z1 if −0.25z1 + 90 ≤ x

, (4.6)

The 2-D projection of this sample 3-D piecewise function with 3 regimes is shown in

Figure 4.1. The boundary surfaces (black dotted lines in Figure 4.1) are defined by:

b1(z1) = 0.2z1 + 20

b2(z1) = −0.25z1 + 90
. (4.7)

We then employ EMPRR which will optimize the parameters α and β independently

of each other in two subsequent stages during each iteration. We start with an initial

guess of β and individually regress the points that lie between two adjacent boundary

surfaces. Thus we obtain a set of values for parameters in α. Fixing the values of α,

we now solve for the optimal values of parameters in β. This iterative procedure is

repeated until a convergence criterion is met. The algorithm is given in Figure 4.2.

4.2.1 Optimizing Regimes

Solving for α during the first stage of the iterative process is simple. During

Step 2 in Figure 4.2, for each regime Ri, we pass the relevant points (between the

boundary surfaces bi−1 and bi) to the Marquardt method and obtain the optimal



28

values of αi that characterize that regime. α can now be obtained by combining all

αi. Recall our assumption in Section 4.2 that the boundary surfaces do not overlap.

This assumption makes the assignment of a regime to a point very simple. In the case

of n − 1 overlapping boundary surfaces, there will be (perhaps exponentially) more

than n regimes. Then assignment of regimes becomes complex and time complexity

increases significantly.

Attributes are also tested for their significance and only those attributes that are

significant are used in the regression. For all the points in Ri, the mean and standard

deviation for each attribute is calculated. If the standard deviation of an attribute

(within that regime) is infinitesimal relative to its mean, the attribute is considered

insignificant. Moreover, if the values of the attributes themselves are infinitesimal,

they are considered insignificant too. This is done for each regime independently.

More often than not, such attributes lead to singularities during optimization.

4.2.2 Optimizing Boundaries

Solving for β becomes more complex for general boundary surfaces. This is be-

cause normally, sum of squared error (when the piecewise surfaces defined by α are

fixed) only changes when data points move from one regime to another. This dis-

cretizes the search space, making application of Marquardt’s method more difficult.

Hence we need a continuous function in terms of α and β to fit the data. For the

boundary surface to be effectively varied during the optimization, this function should

be sensitive to the interaction between α and β. Thus interaction between αj and

βk, j 6= k, should be explicitly incorporated in this function. But we will keep α con-

stant since we need to only solve for β for the values of α obtained from the previous

step. Therefore we decided to evaluate the expected value of y(xm, ẑm) for a point

p = (xm, ẑm, ym) in regime Ri as a weighted sum of fi−1, fi and fi+1, the weights being

determined by a non-trivial subset of β. This would effectively share points between

3 regimes.

A natural choice for the weights would be a Normal distribution centered at Ri

with a standard deviation of half the width of Ri — the weight being maximum at
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the centre and monotonically decreasing with respect to the distance from the centre.

But the weight at the centre is not uniform over all regimes if they are not all of equal

widths. This is a result of normalizing the distribution by σ, the standard deviation

of the distribution. Therefore we chose not to normalize the distribution. Thus we

define our M -function (a pseudo- distribution since the area under the function is not

necessarily 1) as:

M(µ, σ2)|x = exp

[

−1

2

(

x− µ

σ

)2
]

. (4.8)

where µ is the mean of the pseudo-distribution. This function has the following

characteristics:
M(µ, σ2)|x = 1 when x = µ ,

M(µ, σ2)|x = 0 when |x− µ| =∞ .
(4.9)

For any point that belongs to regime Ri, we define the following model to fit the

data while solving for β:

y(xm, ẑm; β) = fi(xm, ẑm, αi) · [1− δi+1(p)− δi−1(p)]

+fi+1(xm, ẑm, αi+1) · δi+1(p)

+fi−1(xm, ẑm, αi−1) · δi−1(p)

, (4.10)

where

δj(p) is the value of M(cj, wj
2) at |xm − cj|,

cj is the centre of regime Rj (defined as the mean of bj−1 and bj), and

wj is the half-width of Rj (defined as the distance between cj and bj).

Note that if bj is not constant, the values cj and wj are going to be different for each

instance of ẑ. Thus the functions M(cj, wj
2) and δj(p) are all specific to a particular

instance of ẑ. Unless the boundary surfaces are perfectly normal to the x-axis, they

would evaluate to be different at each instance of ẑ.

This model induces the expected interaction between α and β — Equation (4.10)

involves αi−1, αi, αi+1, βi−2, βi−1, βi and βi+1. Note that the fractional weight for fi is

determined by δi+1(p) and δi−1(p). There are two motives for this choice: to make the

fractional weights sum up to 1, and to increase effective sharing of each point. This

model lets the points closer to the centre of the regime influence the parameters of its
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Figure 4.3: M -functions for the example from Figure 4.1, at z1 = 50.

boundary surfaces more. Another important characteristic is that the M -functions

centered at ci and ci+1 meet at bi. Points farther from cj have little or no influence

over bj−1 or bj. We now minimize the sum of [ym − y(xm, ẑm)]2 using the Marquardt

method.

Figure 4.1 shows the centre c2 (red solid line) for R2 for the example mentioned

in Equation (4.6). M -functions centered at Rj’s for that example and the fractional

weights of f1, f2 and f3 for a point in R2 for z1 = 50 are shown in Figures 4.3 and

4.4, respectively. Notice that ẑ (= z1 in this case) is not visible in these figures. As

mentioned earlier in this section, the M -functions are specific to a particular instance

of ẑ, and thus the boundary surfaces that were not necessarily axis parallel in the

ẑ-axis in Figure 4.1 are now axis parallel, but in a different axis (δ in this case). In
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Figure 4.4: Fractional weights of f1, f2 and f3 for a point in R2 at z1 = 50 for the
example from Figure 4.1.

Figure 4.3, M -functions centrad at R1,R2 and R3 are plotted against xp. Notice that

the M -functions meet at the boundary surfaces. If a point lies in regime Ri, the

M -function of Rj, j 6= i, does not evaluate higher for that point than the M -function

of Ri. In Figure 4.4 though, the fractional weights of fj on a point belonging to Ri

(j 6= i) can be higher than the fractional weight of fi. The curve marked with ‘+’ is

the fractional weight of f2 on points within R2. Notice that near the boundary the

fractional weight of f2 is slightly less than the fractional weight of the function across

the boundary.
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4.2.3 Comparison to MARS

As we mentioned in Section 3, MARS’s estimation of the target function, which

was not known to us during EMPRR’s development, is analogous to (but not the same

as) Equation (4.8). The following simplified discussion of Friedman (1991) has been

adopted from Moore (2001). For notational simplification, let us redefine the nota-

tions for the independent attributes for this section (Section 4.2.3) only. Each data

point x̂ is the vector of size m containing individual scalars xk, k = 1, . . . m corre-

sponding to the m attributes. Consider a linear combination of m nonlinear functions,

one for each attribute, in the form of

y(x̂) =
m

∑

k=1

gk(xk) =
m

∑

k=1

Nk
∑

j=1

hk
j f

k
j (xk). (4.11)

where

fk
j (x̂) =







1− |xk−qk
j |

wk
if |xk − qk

j | < wk

0 otherwise
,

and

Nk is the number of knots in the kth dimension,

qj
k is the location of the jth knot in the kth dimension,

hj
k is the regressed height of the jth knot in the kth dimension, and

wk is the spacing between knots in the kth dimension.

Fitting data to Equation (4.11) generates a decision tree model, where a subset of the

subspaces is linear. Here, a point x̂ is shared between 2 knot points in each dimension,

and the sharing across dimensions are combined linearly. MARS also allows two-way

interactions between attributes. Consider

y(x̂) =
m

∑

k=1

gk(xk) +
m

∑

k=1

m
∑

t=k+1

gkt(xk, xt). (4.12)

Equations (4.11) and (4.12) can be expressed as a linear combination of basis functions

and can be learned by linear regression (Section 2.2.2).

The effective sharing technique used in MARS is thus comparable to our tech-

nique. But MARS considers each dimension independently whereas EMPRR performs
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a multidimensional decision at boundary surfaces. Also, MARS first creates a large

number of knot points (up to a predefined threshold) and then prunes them back.

The following quote is taken from MARS’s user guide (Salford-Systems, 2001):

In data mining problems, complex interactions must be permitted; thus,
it is reasonable to allow literally hundreds of basis functions in a forward
search. A very quick way to get a ball park estimate is to first run a CART
model (given CART will run faster than MARS) and then allow twice as
many basis functions as terminal nodes in the optimal CART tree. In our
data mining experience we have rarely allowed for more than 250 basis
functions.

4.2.4 Initial Guess for β

A good initial guess helps in converging towards the global minimum. Without

prior knowledge about the underlying model, it is generally not possible to come up

with a very good guess. We tried a few heuristic methods to choose start points. One

way is to partition the feature space into n equal regimes in the x-dimension, using

the surfaces x = xmin + k, x = xmin + 2k, . . . , x = xmin + (n− 1)k normal to x-axis.

Another way is to come up with n partitions, x = k1, x = k2, . . . , x = kn−1, each

containing equal points. The former would be a good guess if the sampling of data

is uniform in at least the x-dimension and the latter would be if the sampling is not

uniform. In all our experiments, we used equally populated partitions.

4.2.5 Time Complexity

Since EMPRR is a nonlinear optimization technique, an absolute bound on the time

complexity is not feasible since there is no way of knowing exactly how long it takes

for the method to converge. Therefore, to obtain a reasonable approximation, let us

make a few assumptions. First let us assume that the number of iterations within

the Marquardt optimization method is bounded by IM and the number of iterations

within EMPRR (Figure 4.2) is bounded by IE.

Each call to the Marquardt method first evaluates the function and its derivatives

with respect to the model parameters at each point. This takes O(mN) steps where
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m is the number of model parameters and N is the number of data points. Then

the inverse of the Hessian matrix is calculated using Gauss-Jordan elimination and

that takes O(m3) steps. This is repeated up to IM iterations. Thus each call to the

Marquardt method takes O (m(m2 + N)IM) steps, given m parameters to fit on N

points.

During each iteration in EMPRR, n + 1 calls are made to the Marquardt method,

n for regression of n regimes and one for regression of the boundary surface. Let

us assume that all the individual functions fi are expressed using the same num-

ber of parameters, mR. If Ni is the number of points in Ri, then the regressing

Ri takes O ((mRNi + m3
R)IM) steps. Summing this up over all regimes, we get

O ((mRN + m3
Rn)IM) steps for n calls. Now, let the number of parameters in Equa-

tion (4.10) be mB. Then the optimization of boundary surfaces takes O ((mBN + m3
B)IM)

steps. Thus each iteration in EMPRR takes O ((mRN + m3
Rn + mBN + m3

B)IM) steps.

Since the number of iterations in EMPRR is bounded by IE, the total time complexity

T of EMPRR under the aforementioned assumptions is given by

O
(

(mRN + m3
Rn + mBN + m3

B)IMIE

)

. (4.13)

As an example of applying Equation (4.13), consider a sample data set with D

attributes and a model with linear functions in regimes and linear boundary surfaces.

Then mR = D + 1 and mB = (n− 1)D. Then the time complexity becomes

O
(

((D + 1)N + (D + 1)3n + (n− 1)DN + (n− 1)3D3)IMIE

)

.

In general, the (n − 1)DN term will tend to dominate over (D + 1)N term and

(n − 1)3D3 term will tend to dominate over (D + 1)3n. Thus we can simplify the

complexity as O (((n− 1)DN + (n− 1)3D3)IMIE). Now the true complexity depends

on which of these is higher – N or (n− 1)2D2). For a regression problem with a large

data set and reasonably low number of regimes and attributes, the (n−1)DN term is

going to dominate the time complexity. If the data set is small and the dimensionality

and/or the number of regimes are large, then the (n−1)3D3 term is going to dominate

the time complexity.
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A typical population dynamics analysis containing multiple populations each char-

acterized by one instance of Equation (2.2) would have D = 3, n = 3 and mR ≤ 2.

If we assume linear boundary surfaces, then mB = 6. Therefore the time complexity

becomes

O
(

(2N + 24 + 6N + 63)IMIE

)

= O (NIMIE) .

4.3 Variations

We developed a few variations to the algorithm of Section 4.2. Each variation

changes how the optimization procedure performs.

4.3.1 Unscaled and Scaled M-function

Normally, the variance of M(cj, wj
2) is w2

j . We denote this as an unscaled M -

function. In a scaled M -function, the variance used is
(wj

S

)2
where S is the scaling

factor. Regime Rj has more and less influence on its adjacent regimes when S < 1 and

S > 1 respectively. M -functions centered at Rj’s for the example in Figure 4.1 and

the fractional weights of f1, f2 and f3 for a point in R2 for z1 = 50 and S=5 are shown

in Figures 4.5 and 4.6 respectively. Comparing these two figures with Figures 4.3 and

4.4 (where S=1) clearly shows that the influence of adjacent regimes decreases with

an increase in S.

4.3.2 Uniform and Weighted M-function

In a scaled M -function, S is constant across all regimes. We denote this as uniform

M -function. In a weighted M -function, the variance scaling factor Sj for Rj depends

on Rj’s contribution to the total sum of squared error. If ej is the current SSE in

regime Rj, and e is the total SSE for all regimes, we define Sj as

Sj = 10kS

√

(

ej

e
+

1

104k

)

, (4.14)

where k is a user-defined parameter. This is a parabolic relation between ej and Sj.

Sj ≈ 10kS if the total error is contributed by Rj and Sj = 10−kS if Rj contributes no
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Figure 4.5: M -functions for the example from Figure 4.1 for z1 = 50 and S=5.

error. Thus, a regime with low error influences its adjacent regimes more and regime

with high error influences its adjacent regimes less.

4.3.3 Individual and Weighted Regression in Regimes

Marquardt’s method allows for specifying the uncertainty σi associated with the

measurement of each data point pi. In a weighted regression variation, all points are

passed to the regression algorithm in each regime Rj; each point pi has a certainty

measure of belonging to Rj defined by

1− δj+1(pi)− δj−1(pi) ,
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Figure 4.6: Fractional weights of f1, f2 and f3 for a point in R2 for the example from
Figure 4.1 for z1 = 50 and S=5.

which ranges between 0 and 1. We can take the inverse of this to calculate the

uncertainty of pi belonging to Rj as

σi =
1

1− δj+1(p)− δj−1(p)
.

Points that are closer to cj have less uncertainty (close to 1) when they are passed

for optimizing Rj, and the farther they go away from cj, the more uncertain it is that

they belong to model fj.

4.3.4 Headstart from M5′

The initial guess greatly influences the performance of the optimization process.

In addition to the heuristics described in Section 4.2.4, we used the output of M5′
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to obtain good initial guesses. Before we begin the optimization process, we need

to make three important decisions: choosing the attribute x which is the primary

independent attribute, choosing the number of regimes n, and choosing the initial

boundary surfaces. We can choose all three of these from the model tree that M5′

generates. To determine the decision-making capability of an attribute in the model

tree, we assign the following decision-making score to attribute i:

θi =
∑̀

j=1

cij2
j , (4.15)

where ` is the depth of the tree and cij is the number of decisions attribute i makes

at level j. A decision taken at level j receives twice the score of a decision at level

j − 1. Thus this scoring scheme gives more importance to decisions at higher levels

and also an opportunity for decisions at lower levels to outscore a higher level if the

number of decisions are more. We then choose for x the attribute that has the highest

decision-making score using

x = arg max
i

{θi} .

The total number of unique decisions on this attribute is set as the number of regimes

n and the (sorted) values against which M5′ makes those decisions are chosen as initial

guesses for boundary surfaces (see also Section 4.2.4). We denote this method as

EMPRR-H.

Notice that we use headstart only to select the number of regimes, the primary

independent attribute x and the values against which M5′ makes decisions. We are

not directly using a solution from M5′. (Compare this with the quote from Salford-

Systems (2001) in Section 4.2.3 where they recommend using the number of rules

generated by CART as the threshold.)

Headstart from Functional trees could not be performed because the current ex-

ecutable obtained from João Gama does not give the multivariate decisions made

at interior nodes. Once that facility is available, it would be interesting to devise a

scoring scheme to choose x and the exploit the multivariate boundary surfaces.
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4.3.5 Choice of Primary Independent Attribute x

Section 4.3.4 discussed a method to find the primary independent attribute x from

the model tree structure obtained from M5′. In the absence of such information, there

are several possible strategies to choose x. We can calculate the correlation between

each independent attribute and the target variable using the methods discussed in

Section 2.3. We can use this correlation as an indicator of the attribute’s decision

making capability.

Alternatively, EMPRR can be run (1 + |ẑ|) times, each time choosing a different

attribute as x. The best fit among these can be chosen as the final model. But this

increases the time complexity by a factor of |ẑ|.

4.4 Implementation

EMPRR was implemented in C. The implementations of the following methods were

adopted from Press et al. (1992):

1. Marquardt’s method,

2. Spearman’s rank coefficient calculation,

3. Kendall’s τ coefficient calculation.

Several standard modes for the regime functions have been defined. They are: con-

stant, linear, simple quadratic (only the constant, xi and x2
i terms) and complex

quadratic (all terms in a quadratic). Support for user defined functions is provided in

our implementation. Any user-defined function can be used in a regime – all the user

needs to provide are definitions of the function and its first order partial derivative

with respect to each model parameter. This definition can be readily plugged into

the main module. Moreover, each regime can have a different family of functions.

For example, f1 can be a linear function whereas f2 can be a polynomial. Boundary

surfaces are limited to linear functions in the current implementation.

The following arguments are required to be entered while invoking EMPRR:
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• number of regimes,

• number of secondary independent attributes,

• name of file containing training data.

The files can be either comma-delimited or in ARFF format (Witten & Frank, 1999).

The following arguments are optional during invocation:

• name of file containing test data,

• mode for regime functions,

available options – constant, linear (default), simple quadratic, complex quadratic,

user-defined

• mode for boundary surfaces,

available options – constant, linear (default)

• specify initial values (default - see Section 4.2.4),

• use weighted M -function (default - true),

• use weighted regression in regimes (default - false),

• index of primary independent attribute x (default - first attribute),

• index of target variable (default - last attribute).

The following additional options are also available:

• finding the highest correlated attribute for use as x,

• filtering the data to remove attributes that are not at all correlated to the target

variable,

• choice between Spearman’s rs and Kendall’s τ for calculating correlations.



41

4.5 Problems and Exceptions

Our model suffers the disadvantages of nonlinear optimization techniques, some of

which have been briefly mentioned in Section 2.2.5. Problems related to smothering

and co-dependence are specific to the model at hand. Since we used linear models in

all our experiments, we did not face these issues. But they are still potential problems

in this approach when user-defined functions are used as fi’s. Apart from these, there

are a few other practical problems and exceptions, which we explain in this section.

4.5.1 Insufficient Points in Regime

Situations may arise when the number of points n in a regime is less than the

dimension of the attribute space. Then there exist multiple models that optimally fit

the data in that regime. This also leads to a singular matrix (Section 2.2.5).

There are several ways to deal with this complication. We use Spearman’s rank

coefficient or Kendall’s τ coefficient (see Section 2.3) to eliminate the independent

attributes that are not highly correlated with the target variable. We then bring the

dimensionality of the attribute space down to the number of points, so that we can

obtain a unique model for that regime. This model may not generalize well since

it can tend to fit the idiosyncrasies of the points in that regime. If, at the end of

optimization, n = 0 for Rj, the regime is not regressed and bj is set to bj−1 or bj+1 so

that no points are assigned to Rj in future, e.g. from the test set.
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Chapter 5

Experiments and Results

To evaluate EMPRR, we generated synthetic high-dimensional data that is piecewise-

defined. The models that we used are given in Section 5.1.1. In Section 5.1.2, we

report the results from comparing the performance of EMPRR’s variations described

in Section 4.3 on these data sets. We also compared the performance of EMPRR with

those of M5′ and Rgtree, an implementation of the functional tree algorithm from

Gama (2002), on these data sets. We evaluated the performance of EMPRR using a

set of benchmark problems (described in Section 5.2.1) and compared with M5′ and

Rgtree. Section 5.2.2 summarizes the results.

5.1 Synthetic Data Sets

5.1.1 Models Used

To assess the influence of EMPRR’s variations, we generated 4 data sets using 4

piecewise models given below.

Model1

F (x, ẑ) =















3 + x + z if x < 19 + z

39− x + 3z if 19 + z ≤ x < 32− z

−81 + 3x− z if 32− z ≤ x

, (5.1)
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2 continuous attributes and 150 samples corresponding to x = {1, 2, . . . , 50} ×
z = {1, 2, 3}. Samples are noise-free. The individual surfaces meet at the

boundary surface.

Model2

F (x, ẑ) =















2 + 5x + 2z if x < 10 + 2z

32 + 2x + 8z if 10 + 2z ≤ x < 30− z

181− 3x + 3z if 30− z ≤ x

, (5.2)

2 continuous attributes and 400 samples corresponding to x = {0.5, 1, 1.5, . . . , 50}×
z = {0, 1, 2, 3}. Samples are noise-free. The individual surfaces meet at the

boundary surface.

Model3

F (x, ẑ) =







































4 + 8x + 3z2 − 8z4 − 3z6 + 4z7 if x < b1(ẑ)

5x− 2z1 + 3z2 + 8z4 − 2z5 + 2z7 + 8z8 if b1(ẑ) ≤ x < b2(ẑ)

14 + 8x− 12z1 + 4z3 − 38z4 + 3z6 + 8z8 if b2(ẑ) ≤ x < b3(ẑ)

24 + 8x− 32z1 + 4z3 − 2z5 + 15z6 + 7z7 + 6z8 if b3(ẑ) ≤ x < b4(ẑ)

4 + 9x− 12z1 + 7z3 + 8z4 − 7z5 + 4z7 if b4(ẑ) ≤ x

,

(5.3)

where the boundaries are defined by

b1(ẑ) = 4− 2z2 + 2z4

b2(ẑ) = 8 + 1z2 + 3z4

b3(ẑ) = 13 + 4z2 + 7z4

b4(ẑ) = 18 + 6z2 + 8z4

. (5.4)

10 continuous attributes and 1000 samples with random sampling from x ∈
[−50, 50] and zi ∈ [0, 10] ∀ 1 ≤ i ≤ 9. We also introduced normally distributed

noise, with zero mean and unit variance, in the target variable y. The individual

surfaces do not meet at the boundary surface.
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Model4

F (x, ẑ) =







































4 + 8x + 3z2 − 8z4 − 3z6 + 4z7 if x < b1(ẑ)

5x− 2z1 + 3z2 + 8z4 − 2z5 + 2z7 + 8z8 if b1(ẑ) ≤ x < b2(ẑ)

14 + 8x− 12z1 + 4z3 − 38z4 + 3z6 + 8z8 if b2(ẑ) ≤ x < b3(ẑ)

24 + 8x− 32z1 + 4z3 − 2z5 + 15z6 + 7z7 + 6z8 if b3(ẑ) ≤ x < b4(ẑ)

4 + 9x− 12z1 + 7z3 + 8z4 − 7z5 + 4z7 if b4(ẑ) ≤ x

,

(5.5)

where the boundaries are defined by

b1(ẑ) = 4− 2z2 + 2z4

b2(ẑ) = 8 + 1z2 + 3z4

b3(ẑ) = 13 + 4z2 + 7z4

b4(ẑ) = 4− 2z2 + 4z4

. (5.6)

10 continuous attributes and 10000 samples with random sampling from x ∈
[−50, 50] and zi ∈ [0, 10], ∀ 1 ≤ i ≤ 9. Notice that model4 differs from model3

in number of samples and b4(ẑ). b4(ẑ) in model4 is deliberately assigned so

that it overlaps with b3(ẑ) and b2(ẑ). We also introduced normally distributed

noise, with zero mean and unit variance, in the target variable y. The individual

surfaces do not meet at the boundary surface.

5.1.2 Preliminary Investigation Experiments on

Synthetic Data Sets

The simplest model of EMPRR is using an unscaled M -function. Our initial inves-

tigations showed that scaled M -functions (see Section 4.3.1) performed much better

than unscaled M -functions. But no particular value of S worked for all data sets.

For each data set, the algorithm found very good solutions with a different value of

S. Therefore we modified EMPRR such that it tries a range of values for S for each

data set. Currently the values are {100, 10, 1, 0.1, 0.01, 0.001}.
For 10-fold cross validation, we randomly divide the data set into 10 equal parts.

Each part is held out in turn and the learning method is trained on the remaining
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nine-tenths. The model generated from this training is evaluated on the part that

was held out. Thus we can calculate the training and test root mean square error

(RMSE) values for each fold. To ensure that the same parts are used in 10-fold cross

validation across all variations of EMPRR, we divided the data set into 10 equal parts

and marked them as 10 test sets. The complement of each test set is its corresponding

training set. Each variation is run on a training set to calculate the training RMSE

and on the corresponding test set to calculate the test RMSE. These values are used

to estimate the confidence intervals of the expected RMSE on unseen data from that

variation.

We then tried all combinations of the other 3 variations of EMPRR, namely, uniform

and weighted M -function, individual and weighted regression in regimes, and EMPRR-H

and default start points. For comparison purposes, we also included two benchmark

problems. The results from these experiments are given in Table 5.1. RMSE values

are reported with 68% confidence intervals (one standard deviation from the mean

over the 10 folds, denoted by “mean ± standard deviation”) in Table 5.1.

These results show that using uniform M -function and weighted regression in

regimes works best for synthetic data sets. In synthetic data sets, transition from

weighted M -function to uniform M -function reduces RMSE and so does transition

from individual regression to weighted regression. EMPRR-H seems to perform worse

on the training data, but generalizes the model to better fit test data. But none of

these differences is statistically significant. Almost all the 68% confidence intervals

overlap with each other. Using uniform M -function with individual regimes appears

to be a good choice for the 2 benchmark data sets, though the advantage is not

statistically significant. Weighted regression does not perform better than the rest on

benchmark data sets. This could be because the synthetic data sets were generated

by a piecewise model, whereas the underlying models for the benchmark data sets

are unknown. Therefore we chose uniform M -function with individual regimes for

the benchmark data sets in experiments of Section 5.2.2. Also, headstart from M5′

provided the best choice for x in all the synthetic data sets. So we used headstart

from M5′ to choose x for later experiments.
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Table 5.1: 68% confidence intervals of RMSE values from variations of EMPRR on 2
synthetic and 2 benchmark data sets.

Weighted M-function, individual regression

model training set RMSE test set RMSE

model1H 0.9461 ± 0.3246 1.0914 ± 0.7057
model1 0.2117 ± 0.164 0.2556 ± 0.3874
model2H 1.1818 ± 0.6293 1.1526 ± 0.5633
model2 3.2821 ± 0.2055 3.3598 ± 0.6842
machineH 32.4743 ± 2.1893 60.9612 ± 36.2107
machine 32.5461 ± 3.6599 62.1526 ± 46.5792
priceH 1355.7167 ± 229.9051 4387.7929 ± 4584.774
price 1423.9444 ± 179.1155 3785.0005 ± 3582.9012

Uniform M-function, individual regression

model training set RMSE test set RMSE

model1H 0.6927 ± 0.3977 0.8495 ± 0.6506
model1 0.5077 ± 0.1975 0.6292 ± 0.5339
model2H 0.9563 ± 0.2941 1.0505 ± 0.5814
model2 0.7346 ± 0.8399 0.7120 ± 1.3189
machineH 33.8419 ± 2.1439 49.9162 ± 30.1046
machine 33.6002 ± 5.03 978.1572 ± 2919.7835
priceH 1336.9474 ± 192.6269 4718.5608 ± 4616.5388
price 1482.1872 ± 162.0408 8456.2149 ± 10991.0192

Uniform M-function, weighted regression

model training set RMSE test set RMSE

model1H 0.5931 ± 0.3596 0.8985 ± 0.7385
model1 0.5077 ± 0.1975 0.6288 ± 0.5335
model2H 0.7506 ± 0.4096 1.0294 ± 0.7127
model2 0.2964 ± 0.3043 0.4581 ± 0.6466
machineH 41.3861 ± 3.6763 64.8823 ± 37.5157
machine 43.1138 ± 5.6562 74.3383 ± 45.0165
priceH 1652.7911 ± 101.8976 3580.9441 ± 1470.9248
price 1701.7738 ± 115.6675 3631.4039 ± 1962.8494

A model name followed by ‘H’ denotes EMPRR-H.
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5.1.3 Performance Comparison Experiments on

Synthetic Data Sets

Since we are comparing our results to those from M5′ and Rgtree, a brief discussion

of their modus operandi is in order.

M5′ is an implementation of the model tree technique in Java. The implementation

along with the source is freely available from the Weka Machine Learning Project’s

web page1. M5′ takes as arguments the names of the files containing the training data

and test data. The specific formats that M5′ can recognize are discussed in Witten

and Frank (1999). If test data is not provided, it uses the training data to perform

a 10-fold cross validation. The data is divided randomly into ten parts. Each part is

held out in turn and the learning scheme trained on the remaining nine-tenths; then

its error rate is calculated on the holdout set. Finally the ten error estimates are

averaged to yield an overall error estimate. It also has an optional argument called

“pruning factor” (default is set to 2) for specifying the pruning level of the final model

tree. The higher the value is, the more the tree is pruned after being built. Increasing

the pruning factor generally (but not necessarily) reduces the size of the final tree.

Nevertheless, there is no direct relation between the pruning factor and the number

of leaves. Hence it is not necessarily possible to obtain a model tree with a specific

number of leaves. The impact of this behavior will become clear later in Section 5.2.2.

Rgtree is a Linux executable obtained from João Gama and takes as argument

the name of the model. For a model named name, it assumes that there exist 3

files: name.domain, name.data and name.test. The .domain file provides details

about the attributes and .data and .test files contain training and test data samples,

respectively. The data sample files contain one sample per line with comma-delimited

entries for attributes.

We ran Rgtree and M5′ on the synthetic data sets. Model tree structures obtained

from M5′ were then analyzed to find start parameters in terms of primary indepen-

dent attribute, number of regimes and good guess for initial boundary surfaces (see

Section 4.3.4). These start parameters were then fed to EMPRR for the corresponding

1http://www.cs.waikato.ac.nz/~ml/weka/index.html
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Table 5.2: 68% confidence intervals of RMSE values from performance comparison
experiments on synthetic data sets.

Model M5D RGD EMH

Training data
model1 2.8359 ± 0.0913 2.4667 ± 0.1578 0.6927 ± 0.3977

model2 4.3626 ± 0.0863 5.9767 ± 0.3403 0.9564 ± 0.2942

model3 37.6909 ± 3.0437 33.3751 ± 1.5461 33.1963 ± 3.1723
model4 18.0527 ± 0.5899 17.7178 ± 0.3802 23.1932 ± 2.8689

Test data
model1 3.1364 ± 0.4939 2.4666 ± 0.1578 0.8849 ± 0.6212

model2 4.4266 ± 0.4994 5.9767 ± 0.3403 0.9735 ± 0.6118

model3 44.8143 ± 5.0992 44.6639 ± 6.1463 43.2325 ± 9.2488
model4 21.8027 ± 4.1490 24.4420 ± 3.4887 23.9805 ± 3.8475
Avg. Rules 30.3750 134.9750 9.6667

M5D - M5′, RGD - Rgtree, EMH - EMPRR-H.

data sets. We used linear mode in both boundary surfaces and regime functions.

The results are presented in Table 5.2. We also report the average number of rules

generated by each method for a data set. In EMPRR this is the number of regimes,

and in M5′ and Rgtree this is the number of leaves of the final tree. We can clearly

see that EMPRR outperforms M5′ and Rgtree on these data sets both on the training

examples and the test examples. Moreover, it uses only a fraction of the rules that M5′

or Rgtree uses. Thus we conclude that EMPRR can generate compact, accurate models

of these data sets. An interesting observation is that Rgtree uses significantly more

number of rules to represent linear data that are linearly separable. Both Rgtree and

EMPRR fail to fit the exact underlying model for model3 which has 10 independent

attributes. EMPRR fails to fit model4 well since the boundary surfaces overlap in the

underlying model.
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5.2 Benchmark Problems

5.2.1 Data Sets Used

Data sets for the benchmark problems, some of which have been used in Quinlan

(1992); Wang and Witten (1997); Gama (2002), were obtained from the Repository of

Regression Problems at LIACC 2. Though this repository is only a collection of data

from other sources, we chose this because the data sets have been pruned according

to our specifications – nominal attributes and samples with missing attributes have

been removed. Except the 2-D planes data set, which was generated using a piece-

wise hypothesis, models defining these data sets are not necessarily piecewise. The

following description of these data sets is quoted from the repository. The properties

of these data sets are also summarized in Table 5.3.

Ailerons This data set addresses a control problem, namely flying an F16 aircraft.

The attributes describe the status of the aeroplane, while the goal is to predict

the control action on the ailerons of the aircraft. 13750 cases with 40 continuous

attributes.

Delta Ailerons This data set is also obtained from the task of controlling the

ailerons of an F16 aircraft, although the target variable and attributes are dif-

ferent from the ailerons domain. The target variable here is a variation instead

of an absolute value, and there is some pre-selection of the attributes. 7129

cases with 6 continuous attributes.

Elevators This data set is also obtained from the task of controlling an F16 air-

craft, although the target variable and attributes are different from the ailerons

domain. In this case the target variable is related to an action taken on the

elevators of the aircraft. 16559 cases with 18 continuous attributes.

Delta Elevators This data set is also obtained from the task of controlling the

elevators of an F16 aircraft, although the target variable and attributes are

2http://www.liacc.up.pt/~ltorgo/Regression/DataSets.html
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Table 5.3: Summary of the benchmark data sets.

Data Set Code Examples Attributes

Ailerons ailerons 13750 40
Delta Ailerons delta-ailerons 7129 6
Elevators elevators 16599 18
Delta Elevators delta-elevators 9517 6
2-D Planes cart-delve 40768 10
Auto MPG auto 8192 7
Auto Price price 159 15
Bank Domain bank8FM 8192 8
Boston Housing housing 506 13
California Housing cal-housing 20640 8
Census house-8L 22784 8
Computer Activity cpu-small 8192 8
Diabetes diabetes 43 2
Kinematics kin8nm 8192 8
Machine CPU machine 209 6
Pumadyn Dynamics puma8NH 8192 8
Pyrimidines pyrim 74 27
Stocks stock 950 10
Triazines triazines 186 60
Wisconsin r-wpbc 194 32

different from the elevators domain. The target variable here is a variation

instead of an absolute value, and there is some pre-selection of the attributes.

9517 cases with 6 continuous attributes.

2-D planes This is an artificial data set similar (but not exactly equal) to the one

described in Breiman et al., (1984, page 238). The cases are generated using

the following method: Generate the values of the 10 attributes independently

using probabilities

P (X1 = −1) = P (X1 = 1) =
1

2

P (Xm = −1) = P (Xm = 0) = P (Xm = 1) =
1

3
,m = 2, . . . , 10.
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Obtain the value of the target variable Y using the rule

Y = 3 + 3X2 + 2X3 + X4 + σ(0, 1) if X1 = 1

Y = −3 + 3X5 + 2X6 + X7 + σ(0, 1) if X1 = −1,

where σ(0, 1) is a normal deviation with zero mean and unit variance. 40768

cases with 10 continuous attributes.

Auto Price This data set consists of three types of entities

• the specification of an auto in terms of various characteristics

• its assigned insurance risk rating

• its normalized losses in use as compared to other cars.

The second rating corresponds to the degree to which the auto is more risky than

its price indicates. Cars are initially assigned a risk factor symbol associated

with its price. Then, if it is more risky (or less), this symbol is adjusted by

moving it up (or down) the scale. A value of +3 indicates that the auto is risky,

−3 that it is probably pretty safe. The third factor is the relative average loss

payment per insured vehicle year. This value is normalized for all autos within

a particular size classification, and represents the average loss per car per year.

159 cases with 14 continuous attributes and 1 nominal attribute3.

Bank domain A family of data sets synthetically generated from a simulation of how

bank-customers choose their banks. Tasks are based on predicting the fraction

of bank customers who leave the bank because of full queues. The bank family of

data sets are generated from a simplistic simulator, which simulates the queues

in a series of banks. Customers come from several residential areas, choose their

preferred bank depending on distances and have tasks of varying complexity,

and various levels of patience. Each bank has several queues, that open and

close according to demand. The tellers have various efficiencies, and customers

3We considered the nominal attribute of this data set as a continuous attribute since its enumer-
ated values were integral.
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may change queue, if their patience expires. The objective is to predict the

rate of rejections, i.e. the fraction of customers that are turned away from the

bank because all the open tellers have full queues. 8192 cases with 8 continuous

attributes.

Boston Housing This data set concerns the task of predicting housing values in

areas of Boston. The attributes are:

CRIM – per capita crime rate by town

ZN – proportion of residential land zoned for lots over 25,000 sq.ft.

INDUS – proportion of non-retail business acres per town

CHAS – Charles River dummy variable (1 if tract bounds river; 0 otherwise)

NOX – nitric oxides concentration (parts per 10 million)

RM – average number of rooms per dwelling

AGE – proportion of owner-occupied units built prior to 1940

DIS – weighted distances to five Boston employment centres

RAD – index of accessibility to radial highways

TAX – full-value property-tax rate per $10,000

PTRATIO – pupil-teacher ratio by town

B – 1000(Bk − 0.63)2 where Bk is the proportion of blacks by town

LSTAT – lower status of the population

MEDV – Median value of owner-occupied homes in $1000’s.

506 cases with 13 continuous attributes.

California Housing This data set contains information on block groups in Califor-

nia from the 1990 Census. The target variable is median house value. Inde-

pendent attributes are median income, housing median age, total rooms, total

bedrooms, population, households, latitude, and longitude. 20640 cases with 8

continuous attributes.
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Census This database was designed on the basis of data provided by US Census

Bureau. The data were collected as part of the 1990 US census. These concern

with predicting the median price of the house in the region based on demo-

graphic composition and a state of housing market in the region. 22784 cases

with 8 continuous attributes.

Computer Activity The Computer Activity databases are a collection of computer

systems activity measures. The data was collected from a Sun Sparcstation

20/712 with 128 Mbytes of memory running in a multi-user university depart-

ment. Users would typically be doing a large variety of tasks ranging from

accessing the internet, editing files or running very CPU-bound programs. The

data was collected continuously on two separate occasions. On both occasions,

system activity was gathered every 5 seconds. The final data set is taken from

both occasions with equal numbers of observations coming from each collection

epoch. The goal is to predict usr, the portion of time that CPUs run in user

mode, using a restricted number of attributes from the original data. 8192 cases

with 8 continuous attributes.

Diabetes This data set concerns the study of the factors affecting patterns of insulin-

dependent diabetes mellitus in children. The objective is to investigate the de-

pendence of the level of serum C-peptide on various other factors in order to

understand the patterns of residual insulin secretion. The response measure-

ment is the logarithm of C-peptide concentration (pmol/ml) at the diagnosis,

and the predictor measurements are age and base deficit, a measure of acidity.

43 cases with 2 continuous attributes.

Kinematics of Robot Arm This data set is concerned with the forward kinematics

of an 8 link robot arm. Among the existing variants of kinematics data set, this

is variant 8nm, which is known to be highly non-linear and medium noisy. 8192

cases with 8 continuous attributes.

Machine-CPU The problem concerns Relative CPU Performance Data. The at-

tributes are
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MYCT - machine cycle time in nanoseconds (integer)

MMIN - minimum main memory in kilobytes (integer)

MMAX - maximum main memory in kilobytes (integer)

CACH - cache memory in kilobytes (integer)

CHMIN - minimum channels in units (integer)

CHMAX - maximum channels in units (integer)

PRP - published relative performance (integer) (target variable).

209 cases with 6 continuous attributes.

Pumadyn Dynamics This is a family of data sets synthetically generated from a

realistic simulation of the dynamics of a Unimation Puma 560 robot arm. The

task in this data set is to predict the angular acceleration of one of the robot

arm’s links. The inputs include angular positions, velocities and torques of the

robot arm. The family has been specifically generated for the delve environment

and so the individual data sets span the corners of a cube whose dimensions

represent

• number of inputs (8 or 32).

• degree of non-linearity (fairly linear or non-linear)

• amount of noise in the output (moderate or high).

8192 cases with 8 continuous attributes.

Pyrimidines The task consists of learning Quantitative Structure Activity Relation-

ships (QSARs). The data are described in King et al. (1992). 74 cases with 27

continuous attributes.

Stocks Daily stock prices from January 1988 through October 1991, for ten aerospace

companies. 950 cases with 10 continuous attributes.

Triazines The problem is to learn a regression equation/rule/tree to predict the

activity from the descriptive structural attributes. The data and methodology
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is described in detail in King et al. (1995); King et al. (1994). 186 cases with

60 continuous attributes.

Wisconsin Breast Cancer Database Each record represents follow-up data for

one breast cancer case. These are consecutive patients seen by a particular

physician since 1984, and include only those cases exhibiting invasive breast

cancer and no evidence of distant metastases at the time of diagnosis. The goal

is to predict the time to recur.

5.2.2 Performance Comparison Experiments on

Benchmark Data Sets

We performed 10-fold cross validation experiments on the benchmark data sets

using the same procedure as on synthetic data sets. Since our headstart strategy

determines the one attribute with maximum decision making capability, the number

of regimes that is fed to EMPRR is generally less than the number of rules (leaves)

that M5′ generates. In certain cases, it is less by more than an order of magnitude.

(The number of leaves in a functional tree generated for the data was generally higher

than the number of rules from M5′.) In such cases, EMPRR is restricted by the number

of regimes. Therefore we included two more experiments for each data set. In the

first additional experiment, we modeled the data using EMPRR, with a large number of

regimes. We call this unrestricted EMPRR (EMPRR-U). The initial guesses for boundary

surfaces are assigned by dividing the x-dimension into partitions containing an equal

number of points (see Section 4.2.4). We started with a small number of regimes

and tried incremental values. We stopped when EMPRR performed significantly better

than the other methods, or the number of regimes became too high4 for EMPRR, or

when the number of regimes was larger than the number of rules from M5′ as well as

4For a very large number of regimes, the number of parameters in Equation (4.10) becomes
very large. Being a nonlinear optimization technique, EMPRR takes a long time to perform Step 3
in Figure 4.2. Since the overall procedure makes numerous calls to this step, it takes a very long
time for EMPRR to converge. Moreover, increasing the number of parameters increases the chance
of getting trapped in a local minimum (Section 2.2.5). We can reduce the running time if we can
reduce the number of parameters by independently optimizing each boundary’s parameters.
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Figure 5.1: Learning curves for M5′ and EMPRR on the machine data set.

Each point in the curves is averaged over the 10 folds.

from Rgtree. In most of the benchmark data sets, increasing the number of regimes

resulted in better fits, up to a point where EMPRR overfits. A sample learning curve

of EMPRR on the machine data set with respect to the number of regimes is given

in Figure 5.1. For comparison purposes, the learning curve of M5′ on the same data

set is also given. Each point in the curves is averaged over the 10 folds. In the

second additional experiment, we restricted the number of rules generated by M5′ by

modifying the pruning factor5. We tried to bring the rules down to the number of

regimes that was used by EMPRR-H. Let this number be r. As mentioned earlier in

this section, there is no direct relation between the pruning factor and the number of

5As mentioned in Section 4.3.4, this cannot be performed for the current implementation of
Rgtree.
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rules, and getting a specific number of rules was not always possible. When it was

not possible to generate a model with r rules, we took two trees with sizes r + ε1 and

r − ε2 for some minimum ε1 > 0 and ε2 > 0 and averaged the statistics. We call this

restricted M5′.

Table 5.4 lists the RMSE values obtained from the 10-fold cross validation ex-

periments of running M5′, restricted M5′, Rgtree and EMPRR on the training sets of

20 synthetic data sets. Table 5.5 lists the RMSE values for the test sets. RMSE

values are provided with 68% confidence intervals (one standard deviation from the

arithmetic mean over the 10 folds).

Unrestricted EMPRR (EMPRR-U) was run only on 14 data sets since the number of

rules in the rest were too large (see Footnote 4). Table 5.6 summarizes the statistics

of the results from running M5′, restricted M5′, Rgtree and EMPRR on all 20 benchmark

data sets. Table 5.7 summarizes the statistics of running M5′, restricted M5′, Rgtree,

EMPRR and EMPRR-U on 14 data sets.

Each column in Tables 5.4, 5.5, 5.6 and 5.7 represents results from one method.

Each data set has two corresponding rows in each of Tables 5.4 and 5.5. The first

row lists the RMSE values with 68% confidence intervals and the second row reports

the average number of rules generated by the method on the data set. The first

six rows summarize the results from Tables 5.4 and 5.5. The first and fourth rows

list the geometric mean RMSE value for training and test data from each method,

respectively. For example, geometric mean RMSE for training data from M5′ is the

geometric mean of the mean RMSE values in column 2 (under M5D) in Table 5.4.

Geometric mean was chosen over the arithmetic mean because the individual RMSE

values differ from each other by several orders of magnitude (ranging from ≈ 32980

to 0.000235). Arithmetic mean will be highly sensitive to higher RMSE values and

highly insensitive to lower RMSE values, and hence will not represent the overall

goodness of the method. The second and fifth rows list the average rank of each

method on the training and test data, respectively. For example, average rank of

M5′ on training data is calculated as follows: For each data set, the rank of M5′’s

mean RMSE among all methods (an integer between 1 and the number of methods,

inclusive) is calculated for the training set. The average of these individual ranks is



58

Table 5.4: 68% confidence intervals of training RMSE values for benchmark data sets.

Model M5D M5R RGD EMH EMU

ailerons 5.5e-4 ± 8.357e-4 2.35e-4 ± 8.182e-5 1.428e-4 ± 2.7e-6 4.373e-4 ± 2.865e-4 N/A
10.6 3.15 168.5 3.1 N/A

auto 2.6033 ± 0.1323 2.7849 ± 0.0534 2.3112 ± 0.0701 2.6859 ± 0.0564 1.7724 ± 0.0927

6.8 3.3 20.8 2.9 20
bank8FM 0.0292 ± 2.789e-4 0.0314 ± 2.846e-4 0.0283 ± 4.555e-4 0.0307 ± 7.432e-4 N/A

32.3 8.9 76.4 8.9 N/A
cal-housing 4.901e+4 ± 7.934e+2 5.919e+4 ± 4.248e+2 4.27e+4 ± 3.577e+2 6.357e+4 ± 4.165e+2 N/A

236 25.6 1631.3 25.5 N/A
cart-delve 0.9968 ± 0.0010 0.9968 ± 0.0010 1.0012 ± 0.0024 0.9967 ± 0.0010 0.9967 ± 0.0010

2 2 25.1 2 2
cpu-small 2.8531 ± 0.0429 3.1177 ± 0.0536 2.8639 ± 0.0396 3.638 ± 0.9603 N/A

55.5 7.5 287.6 8 N/A
delta-ailerons 2.0e-4 ± 0.0 2.0e-4 ± 0.0 1.667e-4 ± 1.16e-6 1.64e-4 ± 1.826e-6 1.6e-4 ± 1.054e-6

31.2 7 3 8.1 30
delta-elevators 0.0014 ± 0.0 0.0014 ± 0.0 0.0014 ± 0.0 0.0014 ± 0.0 0.0014 ± 0.0

6.2 2 2 2.8 6
diabetes 0.5404 ± 0.0522 0.5404 ± 0.0522 0.7441 ± 0.0321 0.5122 ± 0.0825 0.3815 ± 0.0238

1.6 1.6 4.5 1.6 4
elevators 0.0020 ± 5.164e-5 0.0023 ± 5.986e-5 0.0021 ± 2.402e-5 0.0022 ± 1.075e-4 0.0024 ± 3.162e-5

41.3 5.85 35.5 5.8 35
house-8L 2.888e+4 ± 2.703e+2 3.182e+4 ± 2.791e+2 2.537e+4 ± 5.23e+2 3.298e+4 ± 4.576e+2 N/A

142.2 20.5 2033.1 20.1 N/A
housing 2.7056 ± 0.1236 3.3455 ± 0.4428 2.5585 ± 0.1259 3.0161 ± 0.245 0.9466 ± 0.4457

14.2 4.55 32.5 4.3 32
kin8nm 0.1422 ± 0.0037 0.1816 ± 0.0030 0.118 ± 0.0022 0.1671 ± 0.0106 0.1543 ± 0.0045

131.7 11.55 438.3 10.7 50
machine 40.1394 ± 2.6886 48.2297 ± 4.6172 36.0979 ± 1.6725 33.2264 ± 1.5714 32.6421 ± 2.0185

3.7 2 11.3 2.1 11
price 1.687e+3 ± 89.4147 1.975e+3 ± 1.073e+2 1.431e+3 ± 1.184e+2 1.337e+3 ± 1.926e+2 5.913e+2 ± 1.631e+2

7.1 3.6 7.4 3.6 7
puma8NH 3.1171 ± 0.014 3.2318 ± 0.0488 2.5822 ± 0.0399 3.3223 ± 0.0906 N/A

30.7 13.4 718.2 13.5 N/A
pyrim 0.0621 ± 0.0108 0.0687 ± 0.0124 0.0452 ± 0.0046 0.0208 ± 0.0072 0.0162 ± 0.0029

2.8 1.9 3 1.9 3
r-wpbc 29.0826 ± 1.4089 28.672 ± 1.4969 21.7628 ± 1.3455 23.6915 ± 2.8478 17.2268 ± 21.4757

2.8 1.7 36.3 1.7 6
stock 0.7124 ± 0.0155 0.8827 ± 0.0652 0.7015 ± 0.0197 0.8499 ± 0.0559 0.5489 ± 0.0963

43.9 12.85 48 12.6 48
triazines 0.1028 ± 0.0072 0.1236 ± 0.0125 0.1128 ± 0.0068 0.0753 ± 0.0097 0.0736 ± 0.0101

3.8 2.15 4.1 2.1 4

M5D - M5′, M5R - restricted M5′, RGD - Rgtree, EMH - EMPRR with headstart from M5′, EMU - unrestricted EMPRR with default
starting points.
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Table 5.5: 68% confidence intervals of test RMSE values for benchmark data sets.

Model M5D M5R RGD EMH EMU

ailerons 5.0e-4 ± 7.149e-4 2.4e-4 ± 9.661e-5 1.686e-4 ± 9.252e-6 4.36e-4 ± 2.797e-4 N/A
10.6 3.15 168.5 3.1 N/A

auto 2.9423 ± 0.3861 2.9356 ± 0.4221 2.9314 ± 0.5381 3.1294 ± 0.5474 4.0832 ± 1.7035
6.8 3.3 20.8 2.9 20

bank8FM 0.0304 ± 4.625e-4 0.0321 ± 8.099e-4 0.0302 ± 8.395e-4 0.0315 ± 9.052e-4 N/A
32.3 8.9 76.4 8.9 N/A

cal-housing 5.502e+4 ± 2.56e+3 5.818e+4 ± 3.304e+3 5.535e+4 ± 2.144e+3 2.376e+5 ± 3.889e+5 N/A
236 25.6 1631.3 25.5 N/A

cart-delve 0.997 ± 0.0092 0.7961 ± 8.822e-4 1.0075 ± 0.0088 0.9972 ± 0.0091 0.9972 ± 0.0091
2 2 25.1 2 2

cpu-small 3.1019 ± 0.2239 3.1994 ± 0.2054 3.0268 ± 0.1972 3.692 ± 1.2343 N/A
55.5 7.5 287.6 8 N/A

delta-ailerons 2.0e-4 ± 0.0 2.0e-4 ± 0.0 1.678e-4 ± 8.954e-6 1.689e-4 ± 8.386e-6 1.753e-4 ± 1.476e-5
31.2 7 3 8.1 30

delta-elevators 0.0014 ± 4.83e-5 0.0014 ± 5.164e-5 0.0014 ± 5.164e-5 0.0014 ± 5.27e-5 0.0014 ± 5.164e-5
6.2 2 2 2.8 6

diabetes 0.6452 ± 0.2237 0.4262 ± 0.0447 1.0053 ± 0.1394 0.6055 ± 0.186 0.7164 ± 0.3707
1.6 1.6 4.5 1.6 4

elevators 0.0021 ± 8.233e-5 0.0023 ± 7.379e-5 0.0022 ± 7.859e-5 0.0022 ± 1.418e-4 0.0024 ± 9.487e-5
41.3 5.85 35.5 5.8 35

house-8L 3.18e+4 ± 1.445e+3 3.412e+4 ± 1.261e+3 3.179e+4 ± 1.678e+3 3.477e+4 ± 2.857e+3 N/A
142.2 20.5 2033.1 20.1 N/A

housing 3.508 ± 0.8161 4.3232 ± 0.5151 3.9048 ± 0.8367 4.3113 ± 1.2948 53.3326 ± 55.8897

14.2 4.55 32.5 4.3 32
kin8nm 0.16 ± 0.0038 0.1864 ± 0.0043 0.1522 ± 0.0046 0.1685 ± 0.0080 0.1665 ± 0.0099

131.7 11.55 438.3 10.7 50
machine 55.7781 ± 40.8016 67.2026 ± 37.045 56.1074 ± 34.2541 52.873 ± 27.0995 53.3255 ± 24.5848

3.7 2 11.3 2.1 11
price 2.297e+3 ± 8.821e+2 2.465e+3 ± 7.998e+2 2.432e+3 ± 7.918e+2 4.719e+3 ± 4.617e+3 1.968e+4 ± 2.213e+4

7.1 3.6 7.4 3.6 7
puma8NH 3.1982 ± 0.0686 3.2361 ± 0.1403 3.3582 ± 0.0542 3.3595 ± 0.1079 N/A

30.7 13.4 718.2 13.5 N/A
pyrim 0.0807 ± 0.0779 0.085 ± 0.0749 0.083 ± 0.0749 0.1329 ± 0.0921 2.6204 ± 5.9952

2.8 1.9 3 1.9 3
r-wpbc 36.8174 ± 7.3609 36.0938 ± 6.988 35.8112 ± 5.4599 41.6148 ± 14.2049 2.705e+2 ± 1.17e+2

2.8 1.7 36.3 1.7 6
stock 0.8613 ± 0.1258 1.0003 ± 0.1539 1.0266 ± 0.2543 1.1309 ± 0.1966 1.8497 ± 0.293

43.9 12.85 48 12.6 48
triazines 0.1248 ± 0.032 0.1405 ± 0.0327 0.147 ± 0.0348 0.2705 ± 0.2579 0.3036 ± 0.1111

3.8 2.15 4.1 2.1 4

M5D - M5′, M5R - restricted M5′, RGD - Rgtree, EMH - EMPRR with headstart from M5′, EMU - unrestricted EMPRR with default
starting points.
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Table 5.6: Performance comparison on 20 benchmark data sets (without unrestricted
EMPRR).

Statistic M5D M5R RGD EMH

Geo. Mean 0.9713 1.0275 0.8451 0.9157
Training Data Avg. Rank 2.2500 3.2500 1.7000 2.3500

Avg. Ratio 1.1174 1.1973 0.9837 1.0000
Geo. Mean 1.1033 1.0954 1.0879 1.3580

Test Data Avg. Rank 1.8500 2.700 2.000 3.3500
Avg. Ratio 0.8601 0.8548 0.8612 1.0000

Both Avg. Rules 40.3200 6.4948 279.3450 7.0650

M5D - M5′, M5R - restricted M5′, RGD - Rgtree, EMH - EMPRR with headstart from M5′.

Table 5.7: Performance comparison on 14 benchmark data sets (including unrestricted
EMPRR).

Statistic M5D M5R RGD EMH EMU

Geo. Mean 0.4008 0.4458 0.3745 0.3550 0.2711
Training Data Avg. Rank 3.0714 4.2143 2.7143 2.5714 1.4286

Avg. Ratio 1.1980 1.3327 1.1015 1.0000 0.8026
Geo. Mean 0.4453 0.4661 0.4725 0.5389 1.1584

Test Data Avg. Rank 1.9231 3.0000 2.2308 3.3846 4.1538
Avg. Ratio 0.8579 0.8979 0.9154 1.0000 4.0858

Both Avg. Rules 21.3643 4.4321 47.9857 4.4429 18.4286

M5D - M5′, M5R - restricted M5′, RGD - Rgtree, EMH - EMPRR with headstart from M5′.

the average rank of M5′ over all training data. The third and sixth rows list the average

ratio of each method’s RMSE against EMPRR-H. For example the average RMSE ratio

of M5′ on training data is the average of the individual ratios of M5′’s mean RMSE

and EMPRR-H’s mean RMSE on each data set. This quantifies how much better or

worse the RMSE values from a method are, when compared to EMPRR-H. Finally, the

seventh row lists the average number of rules across all data sets.

On the training data, there does not seem to be statistically significant difference

between M5′ and restricted M5′ on most of the data sets (with 68% confidence level,

they are not significantly different on almost all data sets). Rgtree has a statistically

significant better fit (with 68% confidence level) on bank8FM, cal-housing and house-

8L data sets. EMPRR-U has a statistically significant better fit (with 68% confidence
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level) on auto, delta-ailerons, diabetes, housing, price, pyrim and triazines. EMPRR-H

itself has a better fit than M5′, restricted M5′ and Rgtree on delta-ailerons, pyrim

and triazines. The entries in bold type and italicized type in Tables 5.4 and 5.5 are

statistically significant better and worse fits than all the other methods, respectively,

at 68% confidence level. On the test data, M5′, restricted M5′ and Rgtree do not

seem to have statistically significant difference on almost all data sets. Restricted

M5′ performs significantly better on diabetes and so does M5′ on puma8NH. Rgtree

performs better on ailerons and delta-ailerons, two closely related data sets. EMPRR-U

performs unpredictably on housing, price, pyrim and r wpbc. It is interesting to note

that EMPRR-U performed significantly better on the corresponding training data sets.

While comparing methods excluding EMPRR-U on 20 data sets (Table 5.6), Rgtree

gives the best results on training sets in terms of geometric mean RMSE, average rank

and average RMSE ratio. EMPRR-H stands third in terms of average rank. M5′, which

stands second in terms of average rank, leads only by a value of 0.1. But EMPRR-H has

a better average RMSE ratio and geometric mean RMSE than M5′ which shows that it

finds better solutions (in terms of RMSE) than M5′ in general. Nevertheless, EMPRR-H

uses only a fraction of the number of rules used by M5′ or Rgtree. This reiterates

our earlier inference that EMPRR generates accurate and compact models. On test

data, M5′, restricted M5′ and Rgtree perform almost equally well and also better

than EMPRR-H. EMPRR-H, which performed better than restricted M5′ on training sets,

performs worse than restricted M5′ and fails to generalize the model for unseen data.

While comparing methods including EMPRR-U on 14 data sets (Table 5.7),

EMPRR-U seems to outperform all the other methods on the training sets in terms

of geometric mean RMSE, average rank and average RMSE ratio. Note also that

EMPRR-H performs better than M5′ and almost as well as Rgtree in terms of average

rank. When we compare the RMSE ratios, EMPRR-H performs better than both M5′

and Rgtree. The reason could be that the 6 data sets that were removed in this

comparison had a large number of rules, as mentioned earlier. This can also be seen

by comparing the average rules for each method in Tables 5.6 and 5.7. The average

rules used by M5′ and Rgtree are reduced drastically by removing these 6 data sets.

These results show that EMPRR can produce a compact representation for data that
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can be compactly represented. We suspect that it may not be possible to compactly

represent the 6 data sets that were removed (using linear models) due to the fact

that M5′ and Rgtree found too many rules for those 6 data sets and EMPRR failed to

find a good compact representation. It would be interesting to try to fit them using

quadratic or higher-order models. On test data, M5′ seems to be the best performer,

followed by restricted M5′ and Rgtree. EMPRR and EMPRR-H perform worse on test data

when compared to the other methods. It is interesting to note that Rgtree performs

better than EMPRR-H on test data, even though it uses more rules, which generally is

a sign of over-fitting the training data.

Being a regression approach, EMPRR is designed to fit the training data as well as

possible by minimizing the sum of squared errors. Under the assumption that the

observed training values are generated by adding random noise to the true target

value, where this random noise is drawn independently for each example from a

Normal distribution with zero mean, the maximum likelihood hypothesis is the one

that minimizes the sum of the squared errors between the observed training values

and the model predictions (Mitchell, 1997; Press et al., 1992). EMPRR performs that

task very well, but does not necessarily generate a model that fits unseen data as well

as M5′ and Rgtree do, especially if the training data contains noise. For example, in

Tables 5.1 and 5.2 EMPRR performed equally well (compared to Tables 5.6 and 5.7) on

both training and test sets for the synthetic data sets.

The running-time for EMPRR depends on the characteristics of the data set, the

model that we are trying to fit to and the number of regimes. For example, run-

ning EMPRR on house-8L data set with approximately 20 regimes took 5 to 13 hours.

Running it on auto (3 regimes), diabetes (2 regimes) and machine (2 regimes) took

less than 1 minute, on delta-ailerons (8 regimes) and delta-elevators (3 regimes) took

7 to 15 minutes, on cpu-small (8 regimes) and bank8FM (9 regimes) took 30 to 50

minutes, on elevators (6 regimes) took 2 to 3 hours.
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Chapter 6

Conclusions and Future Work

We developed a novel EM-based algorithm, EMPRR, that can perform piecewise

regression on high-dimensional data. We implemented the algorithm in C and evalu-

ated its performance on synthetic high-dimensional piecewise data that we generated.

We also compared its performance with two regression tree learning methods, model

tree and functional tree, on 20 benchmark data sets. We found that EMPRR performs

competitively with these two methods on these data sets. It finds better and compact

models to fit the data. It fits them so well that it performs slightly worse on unseen

data. The results given here are specific to the data sets we used and the choice of

Marquardt’s method as the nonlinear optimization technique in the implementation.

EMPRR is in an earlier stage and several enhancements are possible. In terms of

handling data, we observe that EMPRR cannot handle nominal attributes and missing

values. CART (Breiman et al., 1984) and M5′ handle nominal attributes by replacing

an enumerated attribute with k values by k − 1 synthetic binary attributes. CART

uses “surrogate splitting” to handle situations when an attribute that is involved in

a split is missing. It essentially finds another attribute to split in place of the original

attribute. M5′ uses the class value as the surrogate attribute. These techniques can

be extended to EMPRR also, probably with a few modifications.

Though the current implementation of EMPRR can handle nonlinear and user-

defined functions in regimes, our experiments did not use this facility. This was

to facilitate direct comparison between the performances of EMPRR, M5′ and Rgtree.
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Further experiments using non-linear and more complex functions would be interest-

ing, especially on the same data sets for which we tried linear models.

Note that in Equation (4.13) the value of mB is generally large since Equation (4.8)

is defined in terms of βi, 1 ≤ i ≤ n − 1, and we need to fit all the parameters in all

boundary surfaces. Optimizing all the boundary surfaces together thus makes it

slower when n and D increase. As we mentioned in Section 5.2.2, for some data sets

with many attributes and data points, running EMPRR with too many regimes took

very long, and some did not finish even after a couple of days. If we can develop an

EM formulation that optimizes the boundary surfaces independently, thus requiring

only to fit βi during one call to the Marquardt method, the time complexity can be

improved significantly.

In Section 2.2.5, we discussed problems associated with nonlinear optimization

techniques. One such difficulty was encountering a singular Hessian matrix. Inverse

Hessian methods such as Marquardt’s method will fail to solve Equation (2.18) and

they cannot diagnose the problem. There are a set of techniques, known as singular

value decomposition, which will diagnose the problem and also give a numerical answer

that satisfies the simultaneous equations. There are several robust variations of the

basic technique. MARS (Friedman, 1991) uses one such technique known as the

Cholesky decomposition. Using such methods in the optimization procedure might

improve the performance of EMPRR, especially when user-defined functions are used.

Even in linear mode, the search for the optimal solution may stop if the current

solution leads to a singular Hessian matrix. Changing λ will help in moving to some

other solution, but in extreme cases the search may stop there.

An interesting extension would be to develop a proper EM formulation where

one step calculates the expected parameters and the other maximizes the likelihood.

Though our algorithm is analogous to the EM-algorithm in general, a proper formu-

lation will provide specific convergence properties.

As we mentioned in Section 5.1.2, different values of S work well for different

data sets. We suspect that there should be some information about the value of S in

the data. We can compare this to Marquardt’s insight in assigning the value for the

“constant” in Equation (2.19). If there is indeed a relation between S and the data,
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it would only make EMPRR run faster, since it does not have to try multiple values for

S. Also, if there is an optimal value for S that lies outside the interval that EMPRR

tests, EMPRR’s solution may be suboptimal. Therefore further investigation in this

direction could be useful.
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classification and regression trees, 19
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calculating, 9–11
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least squares fitting, 6–8
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Marquardt

optimization method, 2
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model trees, 20

multiple adaptive regression splines, 20
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