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I. Fuzzy Basic Arithmetics
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II. Fuzzy Controller
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II1. Fuzzy Classification
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3. Takagi Sugeno Formula
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An example of classification - 3 families of fish

X1

Farily A

W

Family B /
/
Family C

——— — =
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3 rules to classify as an example

Ri: IF X1 = medium AND X, = smal THEN A
Ra: F X1 = smal AND X, = medium THEN B
Rs: IF X1 = large AND X, = small THEN C
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Memership function for the size of two parts

(x — avg)”

2 }

plx) = expl——r

small medium large
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Qestion: Which family is this new fish?

5* 2CIm =
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1. Singleton Consequence

Ry If w1y is AV, and @9 is A5 and - -+ and zy is A% then y is g,

10
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Takagi-Sugeno rules: Estimation of a single input

Estimation of y for an input x = (x1, 29, -+ , Ty)

L (Mi(x) - g)
25:1 Mj.(x)

where

Yj

My (x) = Huik(%)

where p; 1s e-th attribute of k-th rule
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Three rules to classify

2cm

R1IIFX1 = medium AND X2 = small THEN y=1 ===  0gom

L—
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0.8
i M‘\ , = 0.39 x 0.41 = 0.16
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Xa Xy

Rol IFX1 = small AND X2z = medium THEN y = 2

1.0 small mediu large
0.&
oe %\ = 018x 0.18 =003
04 —~
0.z =
L) 2 4 [ 8
X3 X5
R3i IFX1 = jlarge AND X2z = small THEN y= 3
1.0 small mediu la
[N
i M—\ Mg = 001 x 0.71 = 0.1
0.4 ik
0z s
0 2 4 [ 5 o
X, Xy

0.16 x1+0.03x2+0.01x3 0.25
0.16 + 0.03 + 0.01 0.2
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A benchmark — Iris database
Iris flower dataset (taken from University of California Urvine Machine Learning
Repository) consists of three species of iris flower
setosa, versicolor and virginica.
Each sample represents four attributes of the iris flower

sepal-length, sepal-width, petal-length, and petal-width.

standard
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Iris Flower Database

Setosa

Versicolor

Virginica

X

X2

€3

Xy

X

X2

€3

Xy

X1

X2

€3

Xy

0.65
0.62
0.59
0.58
0.63
0.68
0.58
0.63

0.80
0.68
0.73
0.70
0.82
0.89
0.77
0.77

0.20
0.20
0.19
0.22
0.20
0.25
0.20
0.22

0.08
0.08
0.08
0.08
0.08
0.16
0.12
0.08

0.89
0.81
0.87
0.70
0.82
0.72
0.80
0.62

0.73
0.73
0.70
0.52
0.64
0.64
0.75
0.55

0.68
0.65
0.71
0.58
0.67
0.65
0.68
0.48

0.56
0.60
0.60
0.52
0.60
0.52
0.64
0.40

0.80
0.73
0.90
0.80
0.82
0.96
0.62
0.92

0.75
0.61
0.68
0.66
0.68
0.68
0.57
0.66

0.87
0.74
0.86
0.81
0.84
0.96
0.65
0.91

1.00
0.76
0.84
0.72
0.88
0.84
0.68
0.72

14

(to be cont’d to the next page)
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Setosa

Versicolor

Virginica

X1

X2

€3

Xy

X1

X2

€3

Xy

x1

)

€3

Xyg

0.56
0.62
0.68
0.61
0.61
0.54
0.73
0.72
0.68
0.65
0.72
0.65
0.68
0.65
0.58
0.65
0.61

0.66
0.70
0.84
0.77
0.68
0.68
0.91
1.00
0.89
0.80
0.86
0.86
0.77
0.84
0.82
0.75
0.77

0.20
0.22
0.22
0.23
0.20
0.16
0.17
0.22
0.19
0.20
0.25
0.22
0.25
0.22
0.14
0.25
0.28

0.08
0.04
0.08
0.08
0.04
0.04
0.08
0.16
0.16
0.12
0.12
0.12
0.08
0.16
0.08
0.20
0.08

0.84
0.66
0.63
0.75
0.76
0.77
0.71
0.85
0.71
0.73
0.78
0.71
0.75
0.77
0.80
0.77
0.81

0.66
0.61
0.45
0.68
0.50
0.66
0.66
0.70
0.68
0.61
0.50
0.57
0.73
0.64
0.57
0.64
0.66

0.67
0.57
0.51
0.61
0.58
0.68
0.52
0.64
0.65
0.59
0.65
0.57
0.70
0.58
0.71
0.68
0.62

0.52
0.56
0.40
0.60
0.40
0.56
0.52
0.56
0.60
0.40
0.60
0.44
0.72
0.52
0.60
0.48
0.52

0.85
0.91
0.82
0.81
0.86
0.72
0.73
0.81
0.82
0.97
0.97
0.76
0.87
0.71
0.97
0.80
0.85

0.57
0.82
0.73
0.61
0.68
0.57
0.64
0.73
0.68
0.86
0.59
0.50
0.73
0.64
0.64
0.61
0.75

0.84
0.88
0.74
0.77
0.80
0.72
0.74
0.77
0.80
0.97
1.00
0.72
0.83
0.71
0.97
0.71
0.83

0.72
1.00
0.80
0.76
0.84
0.80
0.96
0.92
0.72
0.88
0.92
0.60
0.92
0.80
0.80
0.72
0.84
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Excercise

1. Design 8 Gaussian membership function for SMAL, MEDIUM and LARGE.
2. Design 6 rules to classify iris flower.
3. Make codes whose inputs are x1, x2, x3 and x4, and output is A, B or C.

4. Fvaluate your algorithm by using all of the 25 data above and total estimate by

Number of successes
f= 75 ‘
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0.85 0.75 0.83 0.84

Result
A
ABorC | Xy Xy X3 X4 y | OKorNOT
A 0.65 0.80 0.20 0.08
A 0.62 0.68 0.20 0.08

17
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2. Stochastic Consequence

Ry If 1 is A¥ and --- and xy is A’fv
then

y1 is gt and -+ and yy is gk

18



(Contemporary Intelligent Information

Techniques)

Result

A BorC X7 Xz Xz X4 | ¥1 ¥z Y3 ¥Ya | ¥ |OKornOT
A T.65 0:80 0:20 .08
A 0.62 0.68 0.20 .08
< 0.85 Q.75 83 .54
1 2 6
M.l-gi +M2-gi + o+ ME-gi

M1+ My + -

+ Mg

19
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3. Linear Regression Consequence

R;: lf x1is A} and o9 is A% and - -+ and x,, is A,

then

Yy = ajx; + ayry + -+ a,x, + 0

20
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Result

Rule
Rule
Rule
Rule
Rule
Rule

DUAWN=

A BorC

X1 Xz Xs

X4 Y

OK or NOT

L

A
A

c

0.65 0.80 0.20
0.62 0.68 0.20

0.85 0.75 0.83

o0
8]

0.

.08
.08

34

¥y =

M1-y1+ Mz-yp + -

+ Mg ye

My + My + -

+ Mg

21
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IV. Fuzzy Clustering

22
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1. Fuzzy Relation

23
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2. Combining two Fuzzy Relations

24



(Contemporary Intelligent Information Techniques) 25
Max-Min Composition Formula

HRAop <£C, Z) — Hl‘ch{HlyiD{lLLRA (CU, y>7 MRy (y7 Z>}}

E.g.
MR © MR(Qv 3)
= max{min(0.4,0.5), min(0.5,0.8), min(0.6,0)}
= max{0.4,0.5,0}
= 0.5
when

0.1 0.2 0.3 0.3 0.1 0.5
0.4 0.5 060 (0.2 0.7 0.8
0.7 0.8 0.9 0.9 04 O
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3. Clustering by Similarity

26
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Algorithm 1 1. Calculate a maz-min similarity-relation R = [a;;]
2. Set aj; =0 for all a;; < o and i = j

3. Select s and t so that a;; = max{a;;|i < jand i,j € I'}. When tie, select one of
these pairs at random

WHILE as # 0 DO put s and t into the same cluster C' = {s,t} ELSE [}.]
FELSE all indices € I into separated clusters and STOP

4. Choose u € I\ C so that
> aw = max{> ayla;; # 0}
1eC JENC 1eC
When a tie, select one such u at random.
WHILE such a u exists, put u into C = {s,t,u} and REPEAT [}.]
5. Let I = I\ C and GOTO [3.]
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1 02 0.3

04 1
0.7 0.8

Repeat until no change, e.g.,

Starting with

1 02 0.3 1 02 0.3
04 1 06{0o]04 1 0.6
0.7 0.8 1 0.7 0.8 1

repeat composition until no change

1 03 0.3 1 0.3 0.3

1 0.3

0.6 =106 1 06|= (08 1 06| = |08 1

1

0.7 0.8 1 0.8 0.8 1

0.8 0.8

0.3
0.6
1

28
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Example 1 Starting from the following 10 x 10 prozimity-relation R,
let’s apply the the algorithm above. Assume now o = 0.55.

1 7.5 .8.6.6.5.94°.5
71367948466
531 5.5 .4.1.4.7.6
8.6.51.755.7.56

RO)_ |67 5.7 164589
6.9.45.61.3.7.7.5
5415431623
98475761 44
4.6 .75 8072417
5.6 .6 .6.9.5.3.4.71
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p Y

By repeating R"*D = R™ o R till R™ = R(+1),
In this way, similarity-relation R™ will be calculated as:

1 258623943
21 3.6.79.2.8.3.2
531 .5.34.1.3.7.6
8651 .735.4.1.3

By _ |67 3.7 124589
2.9 43241372
3.2.1.54.11.6.1.3
983453610 .2
43718710 1.1
3.26.3.92.3.2.1.1
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Now apply [1.] and [2.]

0O .70 8.6 6 0 .9 00

70 0 6 .79 0 .8 .6 .6

00 000O0O0O0 .7 .6

g 6 0 0 .70 0 .7 0 .6
6 .70 .70 6 00 8.9

6 900 6 0 0 .7.70

0O 00 0 O0O0O0O .6 00

9 80 .70 .76 0 00

0O 6.70 8.700 0.7

066 6 9000 .70
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Firstly, set
I1=1{1,2,3,4,5,6,7,8,9,10} and C = { }.
Then apply [3.] and [4.]

3. Now aig = asg = as 19 = 0.9 are maximum and a5 is randomly selected. Then

C = {1,8).

4. ay9 + ago = a4 + agy = 1.5 are maximum and 7 = 4 is randomly selected. Then

C ={1,8,4}.
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Repeat [4.]

4. ays + ago + age = 2.1 is maximum, then C' = {1, 8,4, 2}.

4. There are no j such that ai; + agj + as4; + ag; is maximum. Then final C' =
{1,8,4,2}.

* @16+ ao6 + ass+agg = 0.64+0.94+040.7 = 2.2 seems maximum but actually
not because a4 = 0

Note that >, = maxjepc{>icc aijlai; # 0}
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Next

Let I = {3,5,6,7,9,10}
as 10 = 0.9 is maximum. Then renew C' as {5,10}.

asg + ajp 9 = 1.5 is maximum. Then C' = {5, 10, 9}.

Ll

There are no j in {3,6,9} such that as; + ag; + a1o; is maximum. Then final

C = {5,10,9}.
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Further

5. Let I = {3,6,7}.

3. Now ass = agy = agr = 0. Then {3}, {6}and {7}are three separated clusters.

In fact

ass asg a3y 0
ag3 aes ag7| = |0
arg Q7 Qrr 0

So

Zie{S,G,?} i = maxje(s,6,71{Dicc @ijlai; 7 0}
does not exit any more.
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4. The other composition forumula
Besides (i) Max-Min composition:

it 2) = s omin{y, (2,9) o (0:2)))
we have a cuple of other formulae: (ii) maz-prod
pr(t.y) = max{up(w, 2) X pr(z,9)

(iii) max-avg
pr(t,y) = max{(ur(w, 2) + pr(z,9))/2}

(iv) maz-A

pr(t,y) = max{max{0, up(z, 2) + pr(z,y) — 13}
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E.g.

when

0.4 05 0.6
0.7 0.8 0.9

0.2 0.7 08
0.9 04 00

O

{0.1 0.2 0.3

0.3 0.1 0.5]

MAX-PROD
KR o pR(2,3)
= max{0.4 x 0.5,0.5 x 0.8,0.6 x 0.0)}
= max{0.2,0.4,0.0} = 0.4
MAX-AVG
pr o pr(2,3)
— max{(0.4 + 0.5)/2, (0.5 + 0.8)/2, (0.6 + 0.0)/2}
— max{0.45,0.65,0.3} = 0.65
MAX-A
R © [1R(2,3)
= max{max(0, 0.4 + 0.5 — 1.0), max(0,0.5 4+ 0.8 — 1.0), max(0,0.6 + 0.0 — 1.0) }
= max{max(0, —0.1), max(0, 0.3), max(0, —0.4) }
— max{0,0.3, 0.4} = 0.3
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V. Time Series Forecasting by Fuzzy

38
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1. Takagi-Subeno Formula again
Ri: Ity(t—1)is A% and y(t —2) is Ay and -+ and y(t —n+1) is A’ then y(t) is ¢".

R;: If xq(t) is AL and x9(t) is A) and --- and z,(¢) is A’ then y(t) is ¢'.



(Contemporary Intelligent Information Techniques)

2. Fuzzy Time Series

40
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Challenge 1

41
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F(t) (degree of membership by vector representation)

1982 15433 -955
1983 15497 +64
1984 15145 -352
1985 15163 +18
1986 15984 | +821
1987 16859 +875
1988 18150 |+1291
1989 18970 +820
1990 19328 | +358
1991 19337 +9
1992 18876 -461

year | enrolled ca'f;;'gle big decrease decrease no change increase bigincrease too bigincrease p;igf;id
1971 13055

1972 13563 +508 0 0 0 0.5 1 0.5

1973 13867 +304 0 0 0 1 05 0

1974 | 14696 | +829 0 0 0 0 0.5 1

1975 15460 +764

1976 15311 -149 seassesanaae

1977 15603 +292 :
1978 15861 +258 :
1979 16807 +946

1980 16919 +112

1981 16388 -5631 9

42
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Fit) = F 0.5

Ot) =

R(t) =

Fit) = [ max (R 11

0]

Gity= Fli=i) =

F(t-2)

Fit-w-1)

Egeg 558

AN ]
...... O 1m
...... O wm
R 11
== -
Rigeq —  ddmssd

max (R 1 Rzz

R 1m

43
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SAER SN

Apply the method in the previous page

With m being 6, 1.e., big decrease, decrease, no change, increase, big increase,
too big increase, estimate F'(1977) by the data from 1972 to 1976 (w = 6)

calculate the center of gravity. This is the predicted value of the year
Then predict 1978 in the same way
Repeat 2. and 3. till 1992

Plot the points predicted, and compare the actual data
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Yet another dataset

Date Open Cloze Date Open Cloze
962007 137793 13878.15 8/972007 13652.32 13270.68
QIS 007 1375784 13778.65 882007 1345723 1365786
OS24 2007 13821.57 13750.06 872007 13487.72 13504.3
SL2007 1376833 13820.1% 862007 1318313 1346878
O30 I00T 13813 52 137687 832007 1346225 1318191
SIISI00T 1374061 13815 56 822007 13357 82 1346333
S/ 1L8SI00T 1340318 13738.39 S/L2007 13211.09 1338237
SLTI2007 1344195 13303 .42 TIIL00T 13380566 1321199
14,2007 1342139 13442 52 TI302007 1326621 1335831
SILI 2007 1329238 13424.88 TIXTF2007 1347268 | 1326547
1272007 1329831 13291.65 2672007 13783.12 1347357
STL2007 131294 13308.39 TI2SI2007 13821 4 1378579
SLOV200T 1311639 13127.85 TI242007 135409 1371655

ST2007 1336074 1311338 TI232007 13851.73 13943 42
SE2007 1330644 13363 35 T202007 1400073 13851.08
Sr52007 13442 85 13305.47 TIIS2007T 13518.79 1400041

A 2007T 13358.39 15344886 TIS2007 1393505 1391822
83072007 13240.54 13357.74 T T00T 13951.96 13971.55
8730720007 13287.91 13238.73 VG007 13907.09 13950.98
B2X02007 13043 07 1328929 TI3200T 13855 86 1390725
8282007 13318.43 1504185 L0007 1357933 13861.73
B2T00T 1337716 1532213 L2007 L3500.4 1357787
8242007 1323178 13378.87 TIO2007 1364859 135007
8232007 1323727 15235 88 TR2007 13612.66 1364597
B2203007 13088 28 15236.13 TIE2007T 1355901 1361158
S2LS00T 13120.05 1308086 TIS2007 13576.24 1356584
S22 2007 1307851 13121.35 TIA200T 13556.87 135773
BT007 1284805 13079.08 TIR00T 1534096 1353543
81672007 12859 52 1284578 G007 1342261 13408.62
8/15/ 2007 15302153 12861 .47 6282007 12427 48 13423 38
8/14 20007 13355 72 13008 92 &272007 1333693 1342773
8/152007 13258 24 13236 53 6262007 1335237 1333766

45
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Challenge 2

Year to Year Change
1971-1972 3.89%

1972-1973 2.24% 1982-1983 0.41%
1973-1974 5.98% 1983-1984 -2.27%
1974-1975 5.20% 1984-1985 0.12%
1975-1976 -0.96% 1985-1986 5.41%
1976-1977 1.91% 1986-1987 5.47%
1977-1978 1.65% 1987-1988 7.66%
1978-1979 5.96% 1988-1989 4.52%
1979-1980 0.67% 1989-1990 1.89%
19280-1981 -3.14% 19920-7991 0.05%

1981-1982 -5.83% 1991-1992 -2.38%
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t -
]
Year Actual Actual Fuzzy Predicted Forcast
Enrollment % Set %
1971 13055
1972 13563 3.89 Xg 2.7229 13410
1973 13867 2.249
1974 14696 5.98
1975 15460 5.20
1976 15311 -0.96 3 Fuzzy Set :
::g;g ::ggg? ::g; X1 =very very small ( -6.0, -4.0)
1979 16807 5.96 :
1280 16916 0.67 ¥ 13 = very too large (6.0, 8.0)
1981 16388 -3.14 9
1982 15433 -5.38 &
1983 15497 0.41
1984 15145 -2.27
1985 15163 0.12 a:
1986 15984 5.41 i J
1987 16859 5.47 2
1988 18150 7.66
1989 18970 4.52
1990 19328 1.89 ) i
1991 19337 0.05
1992 18876 -2.38
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Intervals

Mumber of Data

-6.0, -4.0
-4.0, -2.0
-2.0, 0.0
0.0, 2.0
2.0, 4.0
4.0, 6.0
6.0, 8.0

= O W NN =2

Linguistic

Intervals

b A S A G G 4
CONOOL N

o oX
- kil
N = 0

X13

-6.0, -4.0
-4.0, -2.0
-2.0, 0.0
0.0, 0.5
0.5, 1.0
1.0, 1.5
1.5, 2.0
2.0, 3.0
3.0, 4.0
4.0, 4.7
4.7, 5.3
5.3, 6.0
6.0, 8.0

48

Devide the interval with the largest number of data into 4 sub-interval of equal

length 2nd largest into 3, and 3rd largest into 2 with all other intervals remain

unchanged.
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Defuzzification

(1.5 .
—=— . if7 =1
T 1 - it

a1 (12

t]:< 0.5+%+1 1f2§]§(n_1>

aj—1 a5 iyl

1.5 L
s T - ] =N

\ Op—1 an

49
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e where a;_1, a;, aj;1 are the midpoints of the fuzzy intervals X;_ 1, X;, X
respectively.

e ¢; yields the predicted year to year percentage change of enrollment.

e Use the predicted percentage on the previous years enrollment to determine the
forecasted enrollment.
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Yet another dataset

Date Open Cloze Date Open Cloze
962007 137793 13878.15 8/972007 13652.32 13270.68
QIS 007 1375784 13778.65 882007 1345723 1365786
OS24 2007 13821.57 13750.06 872007 13487.72 13504.3
SL2007 1376833 13820.1% 862007 1318313 1346878
O30 I00T 13813 52 137687 832007 1346225 1318191
SIISI00T 1374061 13815 56 822007 13357 82 1346333
S/ 1L8SI00T 1340318 13738.39 S/L2007 13211.09 1338237
SLTI2007 1344195 13303 .42 TIIL00T 13380566 1321199
14,2007 1342139 13442 52 TI302007 1326621 1335831
SILI 2007 1329238 13424.88 TIXTF2007 1347268 | 1326547
1272007 1329831 13291.65 2672007 13783.12 1347357
STL2007 131294 13308.39 TI2SI2007 13821 4 1378579
SLOV200T 1311639 13127.85 TI242007 135409 1371655

ST2007 1336074 1311338 TI232007 13851.73 13943 42
SE2007 1330644 13363 35 T202007 1400073 13851.08
Sr52007 13442 85 13305.47 TIIS2007T 13518.79 1400041

A 2007T 13358.39 15344886 TIS2007 1393505 1391822
83072007 13240.54 13357.74 T T00T 13951.96 13971.55
8730720007 13287.91 13238.73 VG007 13907.09 13950.98
B2X02007 13043 07 1328929 TI3200T 13855 86 1390725
8282007 13318.43 1504185 L0007 1357933 13861.73
B2T00T 1337716 1532213 L2007 L3500.4 1357787
8242007 1323178 13378.87 TIO2007 1364859 135007
8232007 1323727 15235 88 TR2007 13612.66 1364597
B2203007 13088 28 15236.13 TIE2007T 1355901 1361158
S2LS00T 13120.05 1308086 TIS2007 13576.24 1356584
S22 2007 1307851 13121.35 TIA200T 13556.87 135773
BT007 1284805 13079.08 TIR00T 1534096 1353543
81672007 12859 52 1284578 G007 1342261 13408.62
8/15/ 2007 15302153 12861 .47 6282007 12427 48 13423 38
8/14 20007 13355 72 13008 92 &272007 1333693 1342773
8/152007 13258 24 13236 53 6262007 1335237 1333766
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